VIKRANTADAD=ZMY"

CBSE NCERT Solutions for Class 12 Maths Chapter 06

Back of Chapter Questions

Exercise 6.1

. Find the rate of change of the area of a circle with respect to its radius r when
[2 Marks]|

{a)r=3cm
(b) r =4 cm
Solution:
Step 1:

We know that:

The area of a circle (A) with radius (r) is given by,
A=mnr?

Step 2:

Now, the rate of change of the area with respect to its radius is given by,

dA _ d -
—dr(m"} 2nr

dr

da .

e 2mr |1 Mark]
Step 3:

{a). Given: r = 3 cm,

dA 1

< = 2r(3) = 6r [ Mark]

Therefore, the area of the circle is changing at the rate of 6w cm?/s when its radius is
3 cm.

Step 4:

(b). Given: r = 4 cm.

A 1

— = 2m(4) = 8r [ Mark]|

Hence, the area of the circle is changing at the rate of 8m cm? /s when its radius is
4 cm.

www.vikrantacademy.org

Page 1 of 138 Call: +91- 9686 - 083 - 421




VIKRANTADAD=ZMY"

2. The volume of a cube is increasing at the rate of 8 cm?/s. How fast is the surface
area increasing when the length of an edge is 12 cm? |4 Mark]

Solution:
Step 1:
Given:

The volume of a cube is increasing at the rate of 8 cm?/s.

av
— =8cm’/s
di

Step 2:

So, let x be the length of a side, V be the volume, and S be the surface area of the

cube.

Then, V = x* and § = 6x* where x is a function of time t.

Step 3:

dv

dt

Then, by using the chain rule, we have:
_dv ) { dx d.r
Cdt dt X Rl

dx 8

=8cm3/s

Step 4:

Now,

= ax*

Differentiate with respect to t

B -2 6x2) = L (6x2). = -
op = gg 6x7) = ——(6x%).— [By chain rule]

dx B 3z 1
= 12x.2 = 12x.(-5) =2 [1;Mark]
Step 5:

Therefore, when x = 12 cm,

B2 m?fs =2 em?
= 1, cm*/s =< em®/s. |1 Mark]

Hence. if the length of the edge of the cube is 12 cm, then the surface area is
increasing at the rate of % cm? [s.
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3. The radius of a circle is increasing uniformly at the rate of 3 cm/s. Find the rate at
which the area of the circle is increasing when the radius is 10 cm. |2 Marks]

Solution:
Step 1:
Given:

The radius of a circle is increasing uniformly at the rate of 3 cm/s.

dr

=3 cm/s

Step 2:

The area of a circle (A) with radius (r) is given by,

A=mr®

Step 3:

Now, the rate of change of area (A) with respect to time (t) is given by,
i—f = % (mr? ).%

a8 ar

e Em'E [By chain rule] [1 Mark]

Step 4:
It is given that,
dr

_ 3
e cm/'s

A 1
o= 2nr(3) = 6nr [;Mark]
Step 5:

Thus, when r = 10 cm,
o i 2 .
o = 6m(10) = 60mcm?/s [-Mark]

Hence, the rate at which the area of the circle is increasing when the radius is 10 cm
is 60w cm?/s.

4. An edge of a variable cube is increasing at the rate of 3 cm/s. How fast is the volume
of the cube increasing when the edge is 10 cm long? |2 Marks|

Solution:
Step 1:
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Given:

An edge of a variable cube is increasing at the rate of 3 cm/'s

dx
= 3cm/s
Step 2:

Let x be the length of a side and V be the volume of the cube. Then,
V=xd
By differentiating, we get

av. g dx . 1

- = 3x°.—(Bychainrule)  [-Mark]
Step 3:

It is given that,

ix

= = 3em/s

Iff_l-"' = 2 = 2 1

o = 3x(3) =092 [;Mark]
Step 4:

Thus, when x = 10 cm.,

= =9(10)* = 900 cm?*/s [1 Mark]

Therefore, the volume of the cube is increasing at the rate of 900 cm? /s when the
edge is 10 cm long.

A stone is dropped into a quiet lake and waves move in circles at the speed of
5 cm/s. At the instant when the radius of the circular wave is 8 cm, how fast is the
enclosed area increasing?

[1 Mark]

Solution:
Step 1:
Given:
The rate of change of radius=5 cm/s.
Step 2:
The area of a circle (A) with radius (r) is given by A = mr?
Therefore, the rate of change of area (A) with respect to time (t) is given by,
[By chain rule]
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% 2= {:—Ir(?rr‘?] = i (mr?) % = Eﬁr% [1 Mark]
Step 3:

It is given that j—: =5cm/s

Hence, when r = 8 cm,

oA

— = 2m(8)(5) = 80mr [1 Mark]

Therefore, when the radius of the circular wave is 8 cm, the enclosed area is
increasing at the rate of 80w cm? /s.

. The radius of a circle is increasing at the rate of 0.7 cm/s. What is the rate of
increase of its circumference? |2 Marks|

Solution:

Step 1:

Given:

The rate of change of radius= 0.7cm/s

Step 2:

The circumference of a circle (C) with radius (r) 1s given by C = 2mr.

Therefore, the rate of change of circumference (€) with respect to time (t) is given
by,

de dc dr -
== (By chain rule)
d dr

e dr 1
— =2r— [1-Mark]
di lily z

Step 3:

TR, dr
Itis given that —- = 0.7 cm/s

o 2 0.7
E— T X L.

% = 1.4 [*Mark]
dr z
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7. The length x of a rectangle is decreasing at the rate of 5 cm/minute and the width y
is increasing at the rate of 4 cm/minute. When x = 8 cm and y = 6 cm, find the
rates of change of

(a) the perimeter and |1 Mark]

(b) the area of the rectangle |1 mark]

Solution:
Step 1:
Given:

The length (x) is decreasing at the rate of 5 cm/minute and the width (y) is
increasing at the rate of 4 cm/minute.

Step 2:
We have:

1 : d ,
ﬁ = —5cm/min and a_J: = 4 cm/min

Step 3:

(a) The perimeter (P) of a rectangle is given by,
P=2(x+y)

Differentiate with respect to time

dp _d2(x+y))

dt dt
dp » Ed{x +y)
dt dt

V2P _ o fdx  dy) 1
2L =2(=+%) EMark]
Step 4:

=2(—-5+4) = —-2cm/min

Hence. the perimeter is decreasing at the rate of 2 cm/min. [%Mark|

Step 5:

(b) The area (A) of a rectangle is given by,

A=xxXy

Differentiate with respect to time
da _ d(xy)

dt dt

dA dx dy

P P A dt
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a8 5-y+4
e y+4x

= —5y +4x [;Mark|

Step 6:

Whenx =8 cmand y = 6 cm,
dA

o (-5 x 6+ 4 x 8) cm?/min
B =32-30

dt

A

o 2 fwain. £
— = 2cm*/min Mark]

Therefore, the area of the rectangle is increasing at the rate of 2 cm? /min.

. A balloon, which always remains spherical on inflation, is being inflated by pumping
in 900 cubic centimetres of gas per second. Find the rate at which the radius of the
balloon increases when the radius is 15 cm. |2 Mark]

Solution:
Step 1:
Given:
The balloon 1s inflated by pumping in 900 cubic centimeters of gas per second.
i—: =900cm?/s
Step 2:
The volume of a sphere (V) with radius (r) is given by,
4

V= §m'3

Step 3:

=~ Rate of change of volume (V') with respect to time (t) is given by,
dv  dV dr ,

P e e [By chain rule]

av_ d (4 3) dr

dt —dr\3" ) de

D224 AMark]

dt 3 dt F
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Step 4:

It is given that = = 900 cm? /s
- dt

500 = - T Hr
3T Tdr (e
‘E\‘[II"[]—-fh'I;r"z'E
dt
900 g
i = &Jr E
dr _ 900 _ 22

=22 11 Mark]

dt  4mr? nr

Step 5:

Therefore, when radius = 15 cm,

dr 225
dt m(15)2

=~ [Mark]

Therefore, the rate at which the radius of the balloon inereases when the radius is
15cmis icm /s

. A balloon, which always remains spherical has a variable radius. Find the rate at
which its volume is increasing with the radius when the later is 10 cm. |2 Marks]

Solution:
Step 1:
Given: Radius= 10 cm.

Step 2:

The volume of a sphere (V) with radius (r) is given by V = %md.

Rate of change of volume (V') with respect to its radius (r) is given by,

av  d (4 4
&= E(_HTJ) = m(3r?) = 4mr? [1 Mark]

3
Step 3:

Therefore, when radius = 10 cm,

% = 47(10)? = 4007 [1 Mark]

Therefore, the volume of the balloon is increasing at the rate of 400w cm? /s.
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10. A ladder 5 m long is leaning against a wall. The bottom of the ladder is pulled along
the ground, away from the wall, at the rate of 2 ecm//s. How fast is its height on the
wall decreasing when the foot of the ladder is 4 m away from the wall? |4 Marks]

Solution:
Step 1:
Given:

Length of the ladder = 5 m

dx
== 2cm/s
Step 2:

Let the height of the wall at which the ladder touches be = y m.

Let the foot of the ladder away from the wall be = x m.

Then, from Pythagoras theorem, we have: x* + y* = 25

=y =v25—x2 [1 Mark|

Step 3:

So, the rate of change of height (y) with respect to time (t) is given by,

dy -x dx
dt v2s—x2 dr

Step 4:

[1 Mark]

. . dx
Itis given that — = Zcm /s

A= 2 11 Mark|

"dt V2522
Step 5:

Now, when x = 4 m, we have:

dy —Z2x4 8
— =—— = —- |1 Mark]
dt V25—42 3

Therefore, the height of the ladder on the wall is decreasing at the rate Gfgcmf s

11. A particle moves along the curve 6y = x? + 2. Find the points on the curve at which
the y-coordinate is changing 8 times as fast as the x-coordinate.

Solution:

Step 1:
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Given:

The equation of the curve is:

6y =x?+2

Step 2:

The rate of change of the position of the particle with respect to time (t) is given by,

dy , dx

2dx

dy
e
dt et

[1 Mark]

Step 3:
When the y-coordinate of the particle changes 8 times as fast as the

dy dx : ’
(— = —) x- coordinate i.e.,
dt dt

dx dx

-
Z(Edt) i
::rlﬁdx— zdx

dr - dt
dx
)E_

= (x* - 16 0

=2x2=16

= x = +4 |1 Mark]

Step 4:
Now by substituting the value of x we get:
When x = 4,
y="22=%=111 Mark|
Step 5:
When. x = —4,

=82 82 21y Mark]

& & 3

Therefore, the points required on the curve are (4,11) and (—4, _Tgl]

The radius of an air bubble is increasing at the rate of % cm/s. At what rate is the
volume of the bubble increasing when the radius i1s 1 cm? |3 Marks|
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Solution:
Step 1:

Given:

dr 1
—=—CINS5
dt 2 "f

The air bubble is in the shape of a sphere.
Step 2:
Now, the volume of an air bubble (V) with radius (r) is given by,

4
V=—mnrs
3]’!’]"

Step 3:
The rate of change of volume (V) with respect to time (t) is given by,

v 4 d :
7= 5%3 —{ [By chain rule]

4 dr
=—-m(3r?)—
G
= 4mr?= [1Mark|
Step 4:
i B
Itis given that — = —cm/s
Hence, when r = 1 cm,
av

o = (1) (—] = 2m cm?[s |1§Mark|

Therefore, the rate at which the volume of the bubble is increasing at 2m cm? /s.

A balloon, which always remains spherical, has a variable diameter % (2x + 1) Find
the rate of change of its volume with respect to x. |4 Marks)

Solution:
Step 1:
Given:

Diameter = E(Ex +1)

The volume of a sphere (V) with radius (r) is given by.
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V=2ar? 2Mark]
3 z

Step 2:

It is given that:

Diameter = S{Ex +1)

3 1
=r=-(2x+1) [Mark]

Step 3:

4 3}
AT 7 iy il 3
AV 3;:(4) (2x +1)
V=—m(2x+1)* [1 Mark]
Step 4:

: . d
Hence, the rate of change of volume with respect to x 1SEIF

Ldav _ 9 _d 3
R T lﬁnc!’x(zx-l_l)

= =1 % 3(2x + 1)? X 2 |1 mark]|
Step 5:

= %H(Zx +1)? [1 Mark]

Hence, the rate of change of its volume with respect to x is ? m(2x + 1)?

Sand is pouring from a pipe at the rate of 12 em? /s. The falling sand forms a cone on
the ground in such a way that the height of the cone is always one-sixth of the radius
of the base. How fast is the height of the sand cone increasing when the height is

4 cm? |4 Marks|

Solution:
Step 1:
Given:
L 3
o = 12cm /s
5 1

=—r

B

Step 2:

The volume of a cone (V) with radius (r) and height (h) is given by,
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I“'—l Zh
=3

It is given that,
5 1
=—r
6

= r==06h

=V =<u(6h)*h = 12zh* [1 Mark]

Step 3;
Hence, the rate of change of volume with respect to time (t) is given by,
dv d dh
i ol 2 g -
5 lzndh (h?) 5 [By chain rule]
dh

= 12m(3h*) —

m(3h%) —
= 36mh? <> [1 Mark]
Step 4:

It is also given that {;—t =12cm?/s
Therefore, when h = 4 cm.

By substituting we get:

12 = 36m(4)2 <> [1 Mark]

Step 5:

i 12 1
g = — [1 Mark]
dit I6m{le) 48wm

Therefore, when the height of the sand cone is 4 cm., its height is increasing at the rate
of — cm/s.
48w

. The total cost € (x) in Rupees associated with the production of x units of an item is

given by
C(x) = 0.007x* — 0.003x* + 15x + 4000 |4 Marks]

Find the marginal cost when 17 units are produced.

Solution:

Step 1:
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Given:
C(x)= 0.007x® — 0.003x% + 15x + 4000
Step 2:

Marginal cost is the rate of change of total cost with respect to output.

MC = =522 [-Mark]

Step 2:

Hence, Marginal cost (MC) = j—i = 0.007(3x2%) — 0.003(2x) + 15
MC = 0.021x* — 0.006x + 1 [11Mark]

Step 3:

When x = 17, by substituting we get,

MC = 0.021 (17%) — 0.006 (17) + 15

= 0.021 (289) — 0.006 (17) + 15

= 6.069 — 0.102 + 15

= 20.967 |2 Marks]

Therefore, when 17 units are produced, the marginal cost is ¥ 20.967.

. The total revenue in Rupees received from the sale of x units of a product is given by
R(x) = 13x% + 26x + 15

Find the marginal revenue when x = 7. |2 marks]

Solution:

Step 1:

Given:

R(x) = 13x% + 26x + 15
Step 2:

Marginal revenue is the rate of change of total revenue with respect to the number of
units sold.

Hence, the marginal Revenue (MR) = j—f =13(2x) + 26

%% = 26x +26 [1 Mark]

dx
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Step 3:

When x = 7, by substituting we get,
MR = 26(7) + 26

=182 + 26 = 208 |1 Mark]

Therefore, the required marginal revenue is ¥ 208.

. The rate of change of the area of a circle with respect to its radius r atr = 6 cm is |2
marks|

(A) 107
(B) 121
(C)8n

(D) 11m

Solution:

Step 1:

Given:

r=6cm

Step 2:

The area of a circle (4) with radius (r) is given by,

A=mr?

Hence, the rate of change of the area with respect to its radius r is
i—i = E(nrz)

< = 2mr [1 Mark]

Step 3:
Whenr = 6 cm.

< = 2m X 6 = 12m cm? /s [1 Mark]|

Therefore, the required rate of change of the arca of a circle is 12w cm? /s.

Hence, the correct answer is B.
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18. The total revenue in Rupees received from the sale of x units of a product 1s given by
R(x) = 3x* + 36x + 5. The marginal revenue, when x = 15 is |2 marks]|
(A) 116
(B) 96
(C) 90
(D) 126

Solution:

Step 1;

Given:
R(x)=3x*+36x+5
Step 2:

Marginal revenue is the rate of change of total revenue with respect to the number of
units sold.

Hence, the Marginal Revenue (MR) = ;—: =3(2x) + 36

(MR) = 6x + 36 [1 Mark]

Step 3:

~ When x = 15,

MR = 6(15) + 36 =90 + 36 = 126

Therefore, the required marginal revenue is ¥ 126.

Hence. the correct answer is D. |1 Mark]

Exercise 6.3

1. Find the slope of the tangent to the curve y = 3x* — 4x atx = 4. [2 Marks]

Solution:

Step 1:

The given curve is y = 3x* — 4x.
Step 2:

S0, the slope of the tangent to the given curve at x = 4 is given by,

i
- e 12x% — 4],_, [1 Mark]

Step 3:
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= 12(4)* — 4
=12(64) — 4
= 768 — 4

= 764 [1 Mark]

Hence, the required slope of the tangent is 764.

Find the slope of the tangent to the curve, y = %x + 2 atx = 10. [2 Marks]
e

Solution:

Step 1:

" x—=1
The given curve s y = =

Step 2:
ay _ aéh
de  dx

Ly (x-2M1)—(x—1){1)
' (x—2)2

[ By using quotient rule]
_x—2-x+1
(x —2)?

dy . —1
dx ~ (x-2)2

[1 Mark]

Step 3:

Hence, the slope of the tangent at x = 10 is given by,

=
dx =10 {Ji'— 2}2 r=10

=1

1
T (10-27 &4 2 Nk

Therefore, the slope of the tangent atx = 10 is ;—i.

Find the slope of the tangent to curve y = x* — x + 1 at the point whose x-coordinate is 2.

[2 Mark]

Solution:

Step 1:
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Thegivencurveisy =x> —x+1
Step 2:

By differentiating the given equation, we get

i S |
dx *

The slope of the tangent to a curve at (x,, vy) is s
dxdixy,¥)

it Is given that xy = 2. [1 Mark]
Step 3:
Therefore, the slope of the tangent at the point where the x-coordinate is 2 is given by,

dy
a x=2

=3(2)2-1
=12—1=11 [1Mark]

=3x% —1],-,

Hence, the slope of the tangent is 11.

Find the slope of the tangent to the curve y = x¥ — 3x + 2 at the point whose x-coordinate
is 3.

[2 Marks]

Solution:

Step 1:

The given curveis y = x* — 3x + 2

Step 2:

On differentiating the given equation, we get

dy 5
E—BI —3

d
The slope of the tangent to a curve at (x,, ¥,) is ﬁ]{ ] [1 Mark]
oo

Step 3:
Therefare, the slope of the tangent at the point where the x-coordinate is 3 is given by,

dy
E xr=3

=3(3)2-3

2= Bxt - 3]x=1
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=27 — 3 = 24 [1 Mark]

Hence, the slope of the tangent is 24.

Find the slope of the normal to the curve x = acos* 8,y = asin® A at 6 =E [4 Marks]

Solution:

Step 1:

It is given that x = acos?® @ and y = asin?® 6.

Step 2:

On differentiating both the equations with respect to &, we get

x = acos> @

= 3 28(—sinf)
dlﬂ‘_ aCcos S

dx

5= —3acos® Asind [1 Mark]

Step 3:

y = asin® @

s+ — = 3asin® 8(cos 8)
d

Step 3:

dy
]

d
bnicn dy _ [d—ij} = 3asin®foosd
‘dx (E} —3acosfsing

di

dy  sinf
e tanf [1Mark]
Step 4:

So, the slope of the tangent at 8 = % is given by,

dy
a g=£ = —tan E]Q:%
!
= —tan%: —1 [1 Mark]
Step 5:

Therefore, the slope of the normalat & = %Is given by,

1 -1
slope of the tangentat®  —1 e

Hence, the slope of the normal to the given curves is 1.
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6. Find the slope of the normaltothecurvex =1 —asinf,y =bcos’fatf = % [4 Marks]

Solution:

Step 1:

It is given thatx = 1 — a sin @ and y = b cos® 6.

Step 2:

By differentiating both the equations with respect to &, we get

x=1—asind

~ 2= —acosf [1Mark]
Step 3:
y=bcos?@

j—; = 2b cosB(—sinfd) = —2b sind cosf [1 Mark]

Step 4:

Mow,

(@)
dy de) —2b sinf cosd —Esinﬂ
dx (E) —a cosf a

dd

Hence, the slope of the tangent at B = g is given by,

dy 2b
7 = = sin @ =
sz sz
di] ™
= sn, = [1 mark]
Step 5:

Hence, the slope of the normal at 8 = %Es given by,

1 -1 E|
slope of the tangent at 8 {‘T} ST 1A Mardy)

Therefore, the slope of the normal to the given curves is —%.

7. Find points at which the tangent to the curve y = x* — 3x% — 9x + 7 s parallel to the x-
axis.[4 Marks]
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Solution:

Step 1:

The equation of the given curve is y = x* —3x2 —9x + 7.
Step 2:

By differentiating with respect to x, we get

2 = 3x% — 6x — 9 [1 Mark]

Step 3:

Mow, the tangent is parallel to the x-axis if the slope of the tangent is zero.
23x2—-6x—9=0
=x"—2x—-3=0
(x—3)x+1)=10

x=3orx =-—1 [1Mark]

Step 4:

When x = 3,
y=(3*-33)2-9(3)+7

=27 —27—27+ 7 = —20. [1 Mark]
Step 5:

When x = —1,
y=(—1P2-=-3(-1)-9(-1)+7
=—-1—-3+4+9+7 =12 [1Mark]

Therefore, the points at which the tangent is parallel to the x-axis are (3, —20) and (—1,12).

Find a point on the curve y = (x — 2)? at which the tangent is parallel to the chord joining
the points (2,0) and (4,4). [4 Marks]

Solution:
Step 1:

y=(x—-2)*

Step 2:

If a tangent is parallel to the chord joining the points (2,0) and (4,4), then the slope of the
tangent=the slope of the chord.

-4

~ The slope of the chord I5E S = 2. [1 Mark]
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Step 3:
Mow,
the slope of the tangent to the given curve at a point (x, v) is given by,
y=(x-2)

On differentiating with respect to x, we get

2 = 2(x — 2) [1 Mark]

Step 4:

Since the slope of the tangent=slope of the chord, we have:

=2y =2

=y — A=

» x = 3[1 Mark]
Step 5:
When x = 3,

y=(3—2)? =1 [1 Mark]

Hence, the required point is (3,1).

Find the point on the curve y = x® — 11x + 5 at which the tangentis y = x — 11. [3
Marks]

Solution:

Step 1:

The equation of the given curve is y = x® — 11x + 5.
Step 2:

The equation of the tangent to the given curve is given as ¥y = x — 11 (which is of the form
¥y =mx +c).

- Slope of the tangent= 1 [% Mark]

Step 3:

MNow,

the slope of the tangent to the given curve at the point (x, v) is given by,
y=x'—11x+5

On differentiating with respect to x, we get

g2 £
—-=3x"—11 [;Mark]
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Step 4:

Then, we have:

Ixi—-11=1
= 3x% =12
=x’=4

e [%Marlt]

Step 5:

When x = 2,
y=(2%—-11(2)+5
=8—22+5=—9.[; Mark]
Step 6:

When x = =2,
y=(-2)3—11(-2)+5
=—8+22+5 = 19. [; Mark]
Step T:

Therefore, the required points are (2, —9) and (—2,19). [; Mark]

1
Find the equation of all lines having slope —1 that are tangents to the curve y = PR
1.[4 Marks]

Solution:
Step 1:

1
The equation of the given curve is y = T EF 1.

Step 2:

The slope of the tangents to the given curve at any point (x, y) is given by,
=T

x—1

By differentiating with respect to x, we get

dy -1
dr ~ (x—-1)2

[1Mark]

Step 3:

MNow,
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If the slope of the tangent is —1, then we have:

(x—-1)F
=(x—1)2%=1
=vx—1 =151

~x=20or0 [% Mark]

Step 4:

Whenx =0,y =—1and

whenx =2,y = 1.

Thus, there are two tangents to the given curve having slope —1.
These are passing through the points (0, —1) and (2,1). [1% Mark]

Step 5:

50, the equation of the tangent through (0, —1) is given by,
y=(-1)=1-(~0)

sl =

= y+x+1=0[Mark]

Step 6:

So, the equation of the tangent through (2,1) is given by,
y= =] (x=2)

=y—1=-—x+2

Sy+x—-3=0 [%Mark]

Therefore, the equations of the required linesarey+x+1=0and y+x—3 = 0.

Find the equation of all lines having slope 2 which are tangents to the curve y = ﬁ x#3.

[2 Marks]

Solution:
Step 1:
1
The equation of the given curve is y = o 3.

Step 2:

The slope of the tangent to the given curve at any point (x, ¥) is given by,
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1
-3

}f:

By differentiating with respect to x, we get

dy -1

dx — =32 [1 Mark]
Step 3:

Mow,

If the slope of the tangent is 2, then we have:

_1 _
(E=F
=2(x—3)2 =-1

2

>x-32== [1 Mark]
2N
Step 4:
This is not possible since the L.H.5. is positive while the R.H.5 is negative.

1
Therefore, there is no tangent to the given curve which has slope 2. [E Mark]

1

Find the equations of all lines having slope 0 which are tangent to the curve y = = e
A-—LX

Marks]

[4

Solution:

Step 1:

1

The equation of the given curve is y = o

Step 2:

The slope of the tangent to the given curve at any point (x, y) is given by,

1
y= ¥2=2x+3

On differentiating with respect to x, we get

dy  —{2x-32)  —I{x-1)
de ~ (x2-2x+3)2  [x2-2x+3)2 [1 mark]

Step 3:
Mow,

If the slope of the tangent is 0, then we have:

—2(x—1) _
(x2—2x+3)2

= -2(x—1)=0

0
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< x =1 [1Mark]
Step 4:

When x = 1,

1 1
- BT 5[1 Mark]

Step 5:

Hence, the equation of the tangent through (1.%)&1 given by,
1 0 1)

1
ﬂy—§=ﬂ
3
2

= v = - [1 Mark]

1
Therefore, the equation of the required line is y = e

2 F
Find points on the curve % + ‘;LE = 1 at which the tangents are [4 Marks]

(i) parallel to x-axis

(i) parallel to y-axis

Solution:

Step 1:

. 1 1.2 },.2
The equation of the given curve o e 1.
Step 2:

On differentiating both sides with respect to x, we have:

2x 2y dy

i T
4y _ 718X 11 Mark]
dx Dy

Step 3:

(i). The tangent is parallel to the x-axis if the slope of the tangent % = 0,

This is only possible if x = 0. [% Mark]

Step 4:

So,forx =0
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1.2 _1r'2
TF'IEI'I, ? + E =1

2

L =

i}

E+E=1
=5 ¥ = 16
=>y=x14

Therefore, the points at which the tangents are parallel to the x-axis are (0,4) and (0, —4).[1
Mark]

Step 5:

(ii}. The tangent is parallel to the y-axis if the slope of the normal is 0, which

= e M
glves.(%] e
=y=0

So,fory=20 [% Mark]
Step 6:

ot o,
Then, = + i 1

&
g 16
sk =43

Therefore, the points at which the tangents are parallel to the y-axis are (3,0) and (—3,0).[1
Mark]

Find the equations of the tangent and normal to the given curves at the indicated points:
(ijv =x* —6x* +13x% — 10x + 5at (0,5) [4 Marks]

(i) y = x* —6x? + 13x2 — 10x + 5at (1,3) [4 Marks)

(iii) y = x* at (1,1) [4 Marks]

(iv) ¥ = x? at (0,0) [4 Marks]

Vix=costi,y=sintatl = % [4 Marks]

Solution:
(i) Step 1:
Given:
The equation of the given curve is ¥ = x* — 6x* + 13x? — 10x + 5.

Step 2:
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On differentiating with respect to x, we get:

d
Y - 43— 1827 + 265 — 10
dx

B _ 10

dxligs)

Hence, the slope of the tangent at (0,5) is —10. [1 Mark]
Step 3:

The equation of the tangent is given as:
¥y—5=—-10{x—0)

=>y—5=—10x

= 10x + y = 5 [1 Mark]

Step 4:

Slope of the tangent at (0,5) 10 [1 Mark]

~The slope of the normal at (0,5) is

Step 5:

Thus, the equation of the normal at (0,5) is given as:

1
y—S=q5x—-0]
=10y —-50=x
=x— 10y +50=0 [1Mark]

Therefore, the required equations of the tangent and normal are 10x + y = 5and x —
10y + 50 = 0 respectively.

(i) Step 1:

Given:
The equation of the given curve is y = x* — 6x% + 13x% — 10x + 5.
Step 2:

On differentiating with respect to x, we get:

d

e S 4y3 — 18x2 + 26x — 10
dx

dy

2 =4—184+26—-10=2
dx (1,3)

Hence, the slope of the tangent at (1,3) is 2. [1 Mark]
Step 3:
The equation of the tangent is given as:
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y=3=2xr—1)
sy—J=32x—7
=y =2x+1 [1Mark]

Step 4:

_ -1 -1
= The slope of the normal at (1,3) is ey T e [1 Mark]

Step 5:

Thus, the equation of the normal at (1,3) is given as:

1
y=3=-z(x-1
=2y—h—k 1
=x+2y—7 =0 [1Mark]

Therefore, the required equations of the tangent and normal are y = 2x + 1 and
x + 2y — 7 = 0 respectively.

(il} Step 1:
Given: The equation of the given curve is y = x°.

On differentiating with respect to x, we get:

dy

= 32

dx i

dy

B = 3{1)* =3
dxli11y

Thus, the slope of the tangent at (1,1) is 3. [1 Mark]
Step 2:
The equation of the tangent is given as:
y—1=3(x—1)
=y =3x—2 [1Mark]
Step3:

-1

: -1
.. The slope of the normal at (1,1) is e ——— [1 Mark]

Step 4:

Hence, the equation of the normal at (1,1) is given as:

b o —_?I(I— 1)
=3Jy—3=—x+1
=x+3y—4=0 [1Mark]
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Therefore, the required equations of the tangent and normal are y = 3x — 2Zand x + 3y —
4 = 0 respectively.

(iv) Step 1:

Given: The equation of the given curve is y = x°.

On differentiating with respect to x, we get:

dy

— 2
dx -
dy _
dx (0,00

Thus, the slope of the tangent at (0,0) is 0. [1 Mark]
Step 2:

The equation of the tangent is given as:
y—0=0x—0)

= v = 0]1 Mark]

Step 3:

=1
Slope of the tangent at (0,00

= The slope of the normal at (0,0) is —%, [1 Mark]

Step 4:
which is not defined.
Hence, the equation of the normal at (x;, ¥p) = (0,0) is given by x = x5 = 0.

Therefore, the required equations of the tangent and normal are y = 0andx = 0
respectively. [1 Mark]

(v) Step 1:
Given: The equation of the given curve isx = cos t,y = sin t.
x=costand y =sint

On differentiating with respect to t, we get:

dx ih

— = —5in

dt

dy

—=rcost

dt
dy

. ﬂ_{ﬁ}_ cost e

o {ﬂ} = = — ot [1 Mark]
di

Step 2:
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dy

= —cott
dxl;-&
4

tIlr 1
= |:|34_

The slope of the tangent at t = % [1 Mark]
Step 3:

m
Whent = e

11
Hence, the slope of the tangent at (ﬁﬁ) s —1.

Thus, the equation of the tangent to the given curve at t = E Le.,at l(%ﬁ—%)]m

1 1
=>x+}r—E—E= 0
= x+y—V2=0 [1Mark]
Step 4
~ The slope of the normal at £t = Zis =L =1,

4  Slope of the tangent at t:%

Hence, the equation of the normal to the given curve at £ = Ei.e., at [(-TIETIE)] is

==1(x-%)
y—=1lx——|
V2 V2
= x = y[1 Mark]

Therefore, the required equations of the tangent and normalarex + y — V2 =0andx = y
respectively.

Find the equation of the tangent line to the curve y = x* — 2x + 7 which is
(a) parallel to the line 2x — y + 9 = 0 [3 Marks]
(b} perpendicular to the line 5y — 15x = 13 [4 Marks]

Solution:
Step 1:

Given:
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The equation of the given curveisy = x2 —2x + 7.
Step 2:

On differentiating with respect to x, we get:

—=2x—-2
dx *

Step 3:

(a) The equation of the lineis 2x —y + 9 =0,
2x—y+9=10

~y=2x+9

This is of the form ¥ = mx +c.

=~ Slope of the line= 2 [1 Mark]

Step 4:

If a tangent is parallel to the line 2x — y + 9 = 0, then the slope of the tangent is equal to
the slope of the line.

Hence, we have:

2=2x—12

=2x=4

= x = 2 [1 Mark]

Step 5:

Now, x = 2 we get:

S y=—4+7 =7

Thus, the equation of the tangent passing through (2,7) is given by,
¥y=T=2(x—12)

= yv—2x — 3 = 0[1Mark]

Therefore, the equation of the tangent line to the given curve which is parallel to line Z2x —
y+9=01y—2x—3=10.

(b) Step 1:
Given:

The equation of the line is 5y — 15x = 13.

ay—15x=13
3 +13
~y=3x+—

This is of the form vy = mx +c.

= Slope of the line= 3 [1 Mark]
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Step 2:
If a tangent is perpendicular to the line 5y — 15x = 13, then the slope of the tangent is
el -1

slope of the line g
- |

2x—2=—
= LX 3

2x=—+42
= LX 3

3 5
= 1—3

= x = = [1 Mark]
Step 3:

5
MNow, x = - we gel:

_125 Qi
=36 X

25—-60+252 217
= 257604252 _ 277 11 Mark]
36 36

Step 4:

Thus, the equation of the tangent passing through %.%)is given by,
217 1( 5)
25 3L &

y-217_—1
*—3g —1gox— %

= 36y — 217 = —2(6x — 5)
= 36y — 217 = —12x + 10
= 36y + 12x — 227 = 0 [1 Mark]

Therefore, the equation of the tangent line to the given curve which is perpendicular to line
oy — 15x=131s 36y + 12x — 227 = 0.

Show that the tangents to the curve y = 7x? + 11 at the points where x = 2 and x = —2
are parallel. [2 Marks]

Solution:
Step 1:
The equation of the given curve is y = 7x* + 11.
Step 2:
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On differentiating with respect to x, we get:
LAy 2

R 21x~ [1 Mark]

Step 3:

The slope of the tangent to a curve at (xg, V) is :—y
x

X, ¥o)

Therefore, the slope of the tangent at the point where x = 2 is given by,
d -
i = 21x% = 21(2)* = 84
El..‘."_ ¥r=7

the slope of the tangent at the point where x = —2 is given by,

i
ks =21x2 =21(-2)? =84

dx] x=—2

It is observed that the slopes of the tangents at the points where x = 2 and x = —2 are
equal.

Thus, tangent at x = 2 and tangent at x = —2 are parallel. [1 Mark]

Hence, it is proved that the two tangents are parallel.

. Find the points on the curve y = x? at which the slope of the tangent is equal to the y-
coordinate of the point. [4 Marks]

Solution:

Step 1:

The equation of the given curve is y = x3.
Step 2:

On differentiating with respect to x, we get:

dy
n—=73 2

dx =
Mow,

The slope of the tangent at the point (x, ¥) is given by,

2 = 3x%[1 mark]
dxlixy)

Step 3:

When the slope of the tangent is equal to the y-coordinate of the point, then y = 3x2, [1
Mark]

Step 4:

Also, we have y = x2.
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x3xt = x?
x*(x—3)=0

x = 0,x = 3[1 Mark]

Step 5:
When x =0,
=y=0
When x = 3,

=y=3(3)72=27

Hence, the required points are (0,0} and (3,27). [1 Mark]

. For the curve y = 4x3 — 2x5, find all the points at which the tangents passes through the
origin.

[8 Marks]

Solution:

Step 1:

Given:

The equation of the given curve is y = 4x° — 2x°
Step 2:

On differentiating with respect to x, we get:

d
i 12x% — 10x*
dx

Thus, the slope of the tangent at a point (x, ¥) Is 12x* — 10x*. [1 Mark]
Step 3:

The equation of the tangent at (x, y) is given by,
Y—y=(12x"-10x(X-x) ..(1)

When the tangent passes through the origin (0,0), then X =V = 0.
Therefore, equation (1) reduces to:

—y = (12x* — 10x")(—x)

y = 12x* — 10x°[1 Mark]

Step 4:

Also, we have y = 4x3 — 2x°
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5 12x3 — 10x5 = 4x3 — 2x5
= Bx" —8x* =0
=x*—x3=0

= a3(x2—-1)=0

= x =0, x = +1[1 Mark]
Step 5:

When x = 0,

y = 4(0)% — 2(0)5 = 0
Whenx =1,
y=4(1p-2(1)5=2
When x = —1,
y=4(-1p3—-2(-1)5=-2
Hence, the required points are (0,0), (1,2}, and (—1,—2). [1 Mark]

Find the points on the curve x* + y? — 2x — 3 = 0 at which the tangents are parallel to the
x-axis.[2 Marks]

Solution:

Step 1:

The equation of the given curve is x> + y* — 2x — 3 = 0.
Step 2:

On differentiating with respect to x, we have:

dy _
2x+2}ra—2—ﬂ

Y
=y—=1—x
Fd’x
= 2 = 17979 Mark]
dx ¥
Step 3:

Mow, the tangents are parallel to the x-axis if the slope of the tangent is 0.

1=
=1
¥

=1—x=0
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= x = 1 [; Mark]

But, x2+y2—2x—3=0forx = 1.
y*=4

= y=12

Therefore, the points at which the tangents are parallel to the x-axis are (1,2} and (1, —2).
[; Mark]

. Find the equation of the narmal at the point (am?, am?) for the curve ay? = x?. [4 Marks]

Solution:
Step 1:

Given:

The equation of the given curve is ay? = x3.

Step 2:
On differentiating with respect to x, we have:

dy
2ay—— = 3x%
ﬂ}idx X

dy 3x?t
= o [1 Mark]

Step 3:

d
The slope of a tangent to the curve at (x5, ) is —F]
axl(xy yy)
Hence, the slope of the tangent to the given curve is,
dy 3(am?)?
dx)(am? am?) "~ 2a(am?)

__3a*m* 3m

T 2a'mi 2z [% Mark]

Step 4:

= Slope of normal at (am?, am?®) = =1 T = [1 Mark]
slope of the tangent at (am?.am3) Im

Step 5:

Hence, the equation of the normal at (am?,am?) is given by,

y—am?®= ﬁ{x— am?)

= 3my — 3am* = —2x + 2am?
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= 2x + 3my —am?(2 + 3m?) = 0 [1 Mark]

Therefore, the equation of the normal is 2x 4+ 3my —am?(2+ 3m?) =0

. Find the equation of the normal to the curve y = x® + 2x + 6 which are parallel to the line
x+ 14y + 4 = 0. [6 Marks]

Solution:

Step 1:

The equation of the given curve is y = x® + 2x + 6.
Step 2:

The slope of the tangent to the given curve at any point (x, ¥) is given by,

4y _ 3.2
i 3x< + 2 [1 Mark]

Step 3:

=1

- Slope of the normal to the given curve at any point (x, ¥) = oy Te———
o L .y

-1
Ixi+2

£ [1 Mark]
Step 4:

The equation of the given line s x + 14y + 4 = 0.

x+14y+4=0 [+ which is of the form ¥y = mx + ¢)
N 4
TETHRT

=~ Slope of the given line = I—i [1 Mark]

Step 5:

If the normal is parallel to the line, then we must have the slope of the normal being equal
to the slope of the line.

S
T3x2+2 14
=3x2+2=14

= 3x? =12
=x>=4

=x =12 [1Mark]
Step 6:

When x = 2,
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y=8+4+6=18.
Whenx = -2,
y=—8—4+6=—6.

Therefore, there are two normal to the given curve with slope :—; and passing through the
points (2,18) and (—2,—6). [1 Mark]

Step 7:

Thus, the equation of the normal through (2,18) is given by,

y—18= ;—4 (x—2)

=14y —-252=—x+12

=>x+ 14y —254=10

And, the equation of the normal through (—2, —6) is given by,

-1
y—(=6) = zlx—(=2]]

—1
:}}’+5:ﬁ[1’+2]

=14y +B84=-—x—2
=x+ 14y +86 =10 [1Mark]

Therefore, the equations of the normal to the given curve which are parallel to the given line
arex + 14y — 254 = 0and x + 14y + 86 = 0.

Find the equations of the tangent and normal to the parabola y? = 4ax at the point
(at?,2at).

[4 Marks]

Solution:

Step 1:

The equation of the given parabola is y* = 4ax.
Step 2:

On differentiating ¥ = 4ax with respect to x, we have:

dy
) 4
Y dx 2
dy 2a
dx vy
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» The slope of the tangent at (at?, 2at) is g_ﬂ(ura.zar] = % = % [1 Mark]

Step 3:

Thus, the equation of the tangent at (at?, 2at) is given by,

y — 2at =%(x— at?)

= ty — 2at? = x — at?

=ty = x + at? [1 Mark]

Step 3:

Now, the slope of the normal at (at?, 2at) = Slup”“hem;mat e —t [1 Mark]
Step 4:

Thus, the equation of the normal at (at?, 2at) is given as:
y — 2at = —t(x — at?)

= y— 2at = —tx + at®

= y=—tx+ 2at + at® [1 Mark]

Therefore, the required equation of the tangent and normal arety = x + at® and y =
—tx + 2at + at? respectively.

. Prove that the curves x = y° and xy = k cut at right angles if 8k* = 1.

[Hint: Two curves intersect at right angle if the tangents to the curves at the point of
intersection are perpendicular to each other.] [4 Marks]

Solution:
Step 1:
The equations of the given curves are given as x = y° and xy = k.
Step 2:
Putting x = yZ in xy = k, we get:
y =k
1
=y=k3
Now, substituting ¥ in x = y?, we get:

*=5k%5

F !
Thus, the point of intersection of the given curves is (ki.ki). [1 Mark]
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Step 3:
Differentiating x = y* with respect to x, we have:

dy
p = ZFH

dy 1

—1 =
dx 2y

' 1
Hence, the slope of the tangent to the curve x = y? at (ki.ki)

d

2y 5 =—3 [1Mark]
“x (kz.k:) 2k

Step 4:

On differentiating xy = k with respect to x, we have:

dy

—+y=0
xdx Y

d sl
. S

dx X

2 1
= Slope of the tangent to the curve xy = k at (kﬁ. ki) is given by,

dy i

dx (xék';] T {R%,k%]

1
K]
= -2 =21 [1Mark]
ki k3
Step 5:

We know that two curves intersect at right angles, if the tangents to the curves at the point

2 1
of intersection i.e., at (k],ki) are perpendicular to each other.

This implies that we should have the product of the tangents as —1.

Hence, the given two curves cut at right angles if the product of the slopes of their
2 1

respective tangents at (.’ﬁ. k?) s —1.

= (Slope of tangent to the curve x = y?) X (Slope of tangent to the curve xy = k) = —1
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3

2
:(2;&) = (1)2
= 8k =1 [1Mark]

Hence, the given two curves cut at right angles if 8k2 = 1.

4 2
Find the equations of the tangent and normal to the hyperbola e % = 1 at the point

HZ
(x0, ¥0)-

[3 Marks]

Solution:
Step 1:

: . ¥yt
The given equation I5n—2— T 1
Step 2:

d
We know that, slope of tangent isd—i

I2 2

On differentiating - % = 1 we get:

2x  Zydy

a? bldx
2yvdy 2x

“bdx a2
{I_y_bix

dx a2y

d be
5 = 20 [1 Mark]
idx (xp.¥0) @Yo

Hence, the slope of the tangent at (xg, ¥y ) is

Step 3:
Then, the equation of the tangent at (xg. vg)
bz.:r{,

ﬂ:z}-rn {x = xl]]

¥F=¥n=
a®yo(y — ¥p) = b?xy(x — x;)
= alyy, — alys = bPxxg — b*x}

= b2xxg — a’yyg — b2xi +a’yi =0

2 2
XX, X
>= —% _ (a_g L %) — 0 [On dividing both sides by a?b?]
XXo _¥Yo ; g o
:b?—b—z— 1=0 (%5.¥q) lies on the h}rperbuiaa—z—b—zz 1
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1
=53 -20 =1 [2-Marks]

at b=
Step 4:
Mow, the slope of the normal at (xg, vy is given by,

-1 _ —atyyd
Siope of the tangent at (xg, %)  P2xg Lz

Marks]

Step 5:

Hence, the equation of the normal at (x,, vy) is given by,

aZyg bZx,
¥—¥a , (x—Xo)
i, T e 0 [1 Mark]
Therefore, the required equations of the tangent and normal are Iﬂi.f = % =1 and % +
1]
(x-xp)
e 0 respectively.

Find the equation of the tangent to the curve y = v3x — 2 which is parallel to the line 4x —
2y +5 = 0. [4 Marks]

Solution:

Step 1:

The equation of the given curve is y = 3x — 2
Step 2:

The slope of the tangent to the given curve at any point (x, ¥) is given by,

dy 3
dx = 2y3x—2 [1 Mark]
Step 3:

The equation of the given line is 4x — 2y + 5 = 0.
dx -2y +5=0
sy=2x +§ (which is of the form y = mx + ¢}

=~ Slope of the line= 2

Mow, the tangent to the given curve is parallel to the line 4x — 2y — 5 = 0 if the slope of
the tangent is equal to the slope of the line. [1 Mark]

Step 4:
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3
=2
3
=H.'3x—2=1
=>31—2=E
::-3::—+2—ﬂ
16 16

/- @ |

Hence, the equation of tangent at point ( :

3_2( 41)
LTI

4y —3 (481’—41)
=4 =
4 48
48x — 41
6
= 24y — 18 = 48x — 41

=4y —3 =

= 48x — 24y = 23 [1 Mark]

41-312 _ |9

16 4)1&

41 3 :
4—,1) is given by

VIKRANTADAD=ZMY"

Therefore, the equation of the required tangent is 48x — 24y = 23.

The slope of the normal to the curve y = 2x° + 3sinx atx = 0is [2 Marks]

(A) 3
(8)5
(c) -3

(0) —3

Solution:

Step 1:
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The equation of the given curve is y = 2x% + 3 sinx.
Step 2:
The slope of the tangent to the given curve at x = 0 is given by,

dy

e L =4x + 3 cosx]e=g

=0+ 3cos0 = 3 [1Mark]

Step 3:

Hence, the slope of the normal to the given curve at x = 0 is
=1 gl

Slope of the tangentatx =0 T

-1
Therefore, the required slope of normal to the given curve Is —-

So, the correct answer is D. [1 Mark]

The line y = x + 1 is a tangent to the curve y* = 4x at the point [ Marks]
(A) (1,2)

(8) (2,1)

(€)(1,—2)

(D) (-1,2)

Solution:

Step 1:

The equation of the given curve is ¥* = 4x,
Step 2:

On differentiating with respect to x, we have:

dy
2y—=4
J'rlsz'x

d
e
dx ¥

Hence, the slope of the tangent to the given curve at any point (x, v) is given by,

¥ = 2 11 Mark]
ix b

Step 3:

The given lineisy =x+1 (which is of the form y = mx + )
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-~ Slope of the line= 1 [1 Mark]
Step 4:

The line ¥y = x + 1 is a tangent to the given curve if the slope of the line is equal to the slope
of the tangent. Also, the line must intersect the curve.

Thus, we must have:

i
¥y

=y =2 [1Mark]

Step 5:

Now, y=x+1

= x ==z

=2 =1 ==l

Therefore, the line y = x + 1 is a tangent to the given curve at the point (1,2).

So, the correct answer is A. [1 Mark]

Exercise 6.4

Using differentials, find the approximate value of each of the following up to 3 places of
decimal

() V253 [2 Marks]

(ii) V49.5 [2 Marks]

(iii) /0.6 [2 Marks]
(v) (0.009)3 [2 Marks]
(v) (0.009)36 [2 Marks]
(vi) (15)* (2 Marks]
(i) (26)5 [2 Marks]
(viil) (255)3 [2 Marks]
(ix) (82)" (2 Marks]

(x) (4013 [2 Marks]
(i) (0.0037)3 [2 Marks]
(xil) (26.57)F [2 Marks]
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1
(xiii) (B1.5)% [2 Marks]
(xiv) (3.968): [2 Marks]
() (32.15)3 [2 Marks]
Solution:
(i) Step 1:
Given: v25.3
Step 2:
=

Consider y = vx.

Letx = 25and Ax = 0.3, [; Mark]

Step 3:
Then,
Ay = Vx + Ax —fx

=+253-V25=4/253 -5
=253 =Ay+5 [%Mark]
Step 4:

Since, dy is approximately equal to Ay and is given by,

L
dy = (dx]ﬁx
1
8y = =(03) lasy = Vx|

1 1
= ﬁ(ﬂ.iﬂ = 0.03 [ Mark]

Step 5:

Mow, by substituting the value of Ay we get:

v25.3 =Ay+5
v25.3=0.03+5

V253 = 5.03 [;Mark]

Therefore, the approximate value of is ¥25.3 is 5.03.
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(ii)5tep 1:
Given: V49.5

Step 2:

Consider y = Vx.

letx =49and Ax = 05. [z Mark]
Step 3:

Then,

Ay = x + Ax —\x

=V495 -39 =495 -7
=VI95=7+Ay [;Mark]

Step 4:

Since, dy is approximately equal to Ay and is given by,

_ (4
day = (3) ax
1
Ay = E{D.E} III.E‘ y = w.fx]

=——(05) =—(0.5) = 0.035 [ Mark]
Step 5:

Mow, by substituting the value of Ay we get:
V495 = 7 + Ay

V4935 = 7+ 0.035

V495 =7.035  [; Mark]

Therefore, the approximate value of y49.5is 7.035.

(iii}Step 1:

Given: /0.6

Step 2:

Consider y = vx.

letx = 1and Ax = —04. [; Mark]
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Step 3:

Then,

Ay =vVx+Ax—x=+06-1
=\06=1+Ay [;Mark]
Step 4:

Since, dy is approximately equal to Ay and is given by,

_ (%
¥ (dx) i
1
Ay = ﬁ{ﬁx} [as = \.-";]

1 1
= L._-'T(_n'” =M. [E Mark]
Step 5:

Mow, by substituting the value of Ay we get:

V0.6=1+Ay
V0.6 =1+ (—0.2)

V0.6 = 0.8 [% Mark]

Hence, the approximate value of V0.6 is 0.8.

(iv)Step 1:

1
Given: (0.009)z
Step 2:
2
Consider y = x3.
Let x = 0.008 and A&x = 0.001. [%Mark]
Step 3:
Then,
1 >
Ay = (x + Ax)3 — (x)3
1 x
= (0.009)3 — (0.008)3
1
= (0.009)3 — 0.2

1
= (0.009)F = 0.2 + Ay [% Mark]
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Step 4:

Since, dy is approximately equal to Ay and is given by,

d
dy = (d}') Ax

1 1
Ay = = (Ax) [as y= x§]
3(x)3

0.001

1
= = (0.001) = =0.008 [; Mark]

Step 5:

MNow, by substituting the value of Ay we get:
1

(0.009)3 =0.2+ Ay
1

(0.009)F = 0.2 + 0.008

1
(0.009)7 = 0.208 [% Mark]

1
Therefore, the approximate value of (0.009)z is 0.208.

(v)Step 1:

1
Given: (0.009)w
Step 2:
1
Consider y = (x)o,
letx = 1 and Ax = —0.001. [% Mark]

Step 3:

Then,

l 1.
1]

[x+axﬁ: (x)T0 = (0.999)10 —

- {u.ggqjﬁ =1+4y [ Mark]

Step 4:

Since, dy is approximately equal to Ay and is given by,
dy = ( Ax

1

asy = (x)10

1
Ay = 5 (Ax)

10(x)10

1 1
b {(—0.001) = —0.0001 [E Mark]
Step 5:

Mow, by substituting the value of Ay we get:
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1
(0.999)T0 = 1 + Ay
1
(0.999)10 = 1 + (—0.0001)

1
(0.999)18 = 0.9999 5 Mark]

1
Therefore, the approximate value of is (0.999)1w0 is 0.9999,

(vi)Step 1:

1
Given: (15)*

Step 2:

1
Consider y = x+.

Letx = 16 and Ax = —1. [i Mark]

Step 3:

Then,

1 1
Ay = (x + Ax)¥ — x*¥

1 1 1

= (15)% — (16)% = (15)5 — 2
11

= (15)7 = 2 + Ay [% Mark]

Step 4:

Since, dy is approximately equal to Ay and is given by,

dy

o= D)
4 dx .
1 1

Ay = 7(Ax) |asy= 14}

4(x)3
s M peops Aepelos 1
= -sus}%( I} = et e 0.03125 [z Mark]
Step 5:

MNow, by substituting the value of Ay we get:
1

(15 =2+ Ay
L

(15)* = 2 4+ (—0.03125)

1
(15)7 = 1.96875
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1
Therefore, the approximate value of (15)+ is 1.96875.

(vii)Step 1:
1
Given: (26)2
Step 2:
1
Consider y = (x)3.
Let x = 27 and Ax = —1. [% Mark]
Step 3:
Then,
1 1
Ay = (x + Ax)3 — (x)3
1 1 1
= (26)3 — (27)3 = (26)3— 3
1
= (26) =3+Ay [5Mark]
Step 4:

Since, dy is approximately equal to Ay and is given by,

d
dy = (d_i) Ax
1 1
Ay = = (Ax) asy= {1]3]
3x)3

= (~1)=—=-00370 [-Mark]
3(24)3 i *

Step 5:

Mow, by substituting the value of Ay we get:
(267 = 3 + Ay

(26)3 = 3 + (—0.0370)

(26)% = 2.9629

1
Therefore, the approximate value of (26)3 is 2.9629.
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(wviii)Step 1:
1
Given: (255)*
Step 2:
1
Consider y = (x)3.
Let x = 256 and Ax = —1. [% Mark]
Step 3:
Then,
1 L
Ay = (x + Ax)* — (x)*
1 1 1
= (255)% — (256)% = (255)* — 4
1
= (255)i = 4 + Ay [% Mark]
Step 4:

Since, dy is approximately equal to Ay and is given by,

dy
ay = (52)A
> dx *
1 1
Ay = 5 (Ax) [asy:ﬂ]
4(x)%
1 -1 1
— =(—1) =——=-0.0039 [-Mark
-iLEEE}%[ )= e & :
Step 5:

Mow, by substituting the value of Ay we get:
(255}% =4+ Ay

(255}% =4+ (—0.0039)

(255)% = 39961 [% Mark]

1
Hence, the approximate value of (255) is 3.9961.

(ix)Step 1:

Given: (8 2}%

Step 2:
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1
Consider y = x%.
letx=8landAx =1. [;Mark]
Step 3:
Then,
1 1
Ay = (x + Ax)® — (x)*
1 ¥ 1
=(B2 - (813 =(B2)*—3
1
= (82)i =3+4y [; Mark]

Step 4:

Since, dy Is approximately equal to Ay and is given by,
dy
dy = (E) Ax

1 1
Ay = s (Ax) |asy= 13]
4(x)*

1 1 1 :
= lﬂﬂi}% El) = —4(3]3 = m = D_D{]g [E Mark]

Step 5:

MNow, by substituting the value of Ay we get:
(82}% =3+ Ay

(82)% =3+ 0.009

(82)7 = 3.009 [; Mark]

1
Therefore, the approximate value of (B2)+ is 3.009.

(x)Step 1:
1
Given: (401)2
Step 2:
i
Consider y = x2,
Let x = 400 and Ax = 1. [% Mark]

Step 3:
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Then,
Ay =vVx +Ax —x
= /401 — /400 = /401 — 20

= VA1 =20+4y [;Mark]
Step 4:

Since, dy is approximately equal to Ay and is given by,

dy
d =(—)a
¥ dx *

1 1
Ay = —(Ax [as = xZ
y 2»’}{ ) y

-
T 2x20

(1) =—=10025 [ Mark]

Step 5:

Mow, by substituting the value of Ay we get:
~ A401 = 20 + Ay

V401 = 20 + 0.025

V301 = 20.025 [% Mark]

Hence, the approximate value of 401 is 20.025.

(xi) Step 1:

1
Given: (0.0037)z

Step 2:

1
Consider y = x2,

Let x = 0.0036 and Ax = 0.0001. [%Mark}

Step 3:

Then,

1 1
Ay = (x + Ax)Z — (x)2

1 1 1

= (0.0037)Z — (0.0036)Z = (0.0037)Z — 0.06
1

= (0.0037): = 0.06 + Ay  [; Mark]

Step 4:
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Since, dy is approximately equal to Ay and is given by,

dy
d =(—]a.
¥ dx *

> i ;
Ay = —(Ax [as = 7]
Sy ¥y
=2x006 0

=209 _ 0.00083 [ mark]
012 2

Step 5:

Mow, by substituting the value of Ay we get:
1
(0.0037)Z = 0.06 + Ay

1
(0.0037)Z = 0.06 + 0.00083

L
(0.0037)2 = 0.06083  [5 Mark]

1
Therefore, the approximate value of (0.0037)z is 0.06083.

(xii) Step 1:

1
Given: (26.57)2

Step 2:

1
Consider y = x2.

Letx = 27 and Ax = —0.43. [ Mark]

Step 3:

Then,

Ay=(x+ E.x]% = (x}% = {25.5?)% = (2?}% = {26.5?}% =

1
= (26.57)i = 3 + Ay [% Mark]
Step 4:

Since, dy is approximately equal to Ay and is given by,

dy
d =(—]a
. dx el
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1
Ay = ——(Ax)

1
asy= x?]
3(x)3

1

=2 - _0015 [ mark]
27 ..

Step 5:

Mow, by substituting the value of Ay we get:
1

(26572 =3+ Ay
1

(2657)2 =3 + (-0.015)

1
(26.57)s = 2.984 [%Mark]

1
Therefore, the approximate value of (26.57)3 is 2.984.

(xiii)Step 1:

1
Given: (81.5)%

Step 2:

1
Consider y = x4,

Let x = 81 and Ax = 0.5. [% Mark]

Step 3:

Then,

Av=(x+ ;'_".x]‘tl - (}:}4l

1 1 1
=(B15)*—(B1)*=(81.5)+—3
= (81.5)% = 3 + Ay [; Mark]

Step 4:

Since, dy is approximately equal to Ay and is given by,

dy
dy = (—] A
. dx el
1 1
Ay = s(Ax) |asy= x-!'}
4(x)*
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- 1
T oa3)

__ 05
108

(0.5) = 00046 [;Mark]

Step 5:

Mow, by substituting the value of Ay we get:

| =

«# (BL5)F =3 + Ay

1
(81.5)7 = 3 + 0.0046
1
(81.5)F =3.0046 [; Mark]

1
Hence, the approximate value of (81.5)4 is 3.0046.

(xlv) Step 1:

3
Given: (3.968)z
Step 2:

3
Consider y = x2.

Letx = 4and Ax = —0.032. [ Mark]
Step 3:
Then,
i 3
Ay = (x + Ax)Z — x2
3 3 3
= (3.968)Z — (4)Z = (3.968) — 8
3
= (3.968) = 8 + Ay [% Mark]
Step 4:

Since, dy Is approximately equal to Ay and is given by,

3.4 3
Ay = E{xﬁ{ﬁx} asy= 12‘}

—32 0.032
=5 (2)(-0032)

=—0.096 [;Mark]

Step 5:
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Mow, by substituting the value of Ay we get:
3

(3968)z2 =8+ 4y
3

(3.968)z = 8 + (—0.096)

El
(3.968)z = 7.904 [% Mark]

3
Therefore, the approximate value of (3.968)2 is 7.904.

(xv) Step 1:

1
Given: (32.15)5

Step 2:

1
Consider y = x5.

letx = 32and Ax = 0.15.  [; Mark]
Step 3:
Then,
2. R 1 1 b
Ay = (x+ Ax)5 — x5 =(32.15)5 — (32)5 = (32.15)> — 2
1
= (32.15): =2 + Ay [% Mark]
Step 4:
Since, dy is approximately equal to Ay and is given by,

dy
iy (—].a
Y dx -

1 1
Ay = 7 (Ax) [a5y=x§]
5(x)5

= 55('—(2)4{{}‘15}

=22=000187 [; Mark]

BO
Step 5:

Mow, by substituting the value of Ay we get:
1
% (3215)5=24+4y

1
(32.15)5 = 2 + 0.00187

www.vikrantacademy.org

Page 59 of 138 Call: +91- 9686 - 083 - 421




VIKRANTADAD=ZMY"

1
(32.15)F = 2.00187 [ Mark]

1
Hence, the approximate value of (32.15)s is 2.00187.

Find the approximate value of f (2.01), where f(x) = 4x% + 5x + 2. [2 Marks]

Solution:

Step 1:

Given:

flx)=4x® +5x+ 2

Step 2:

Let x = 2 and Ax = D.01.

Then, we have:

f(2.01) = f(x + Ax)

=4(x+0x)* +5(x+Ax) +2 [ Mark]

Step 3:

Now, Ay = f(x + Ax) — f(x)

s~ f(x+Ax) = f(x) + Ay

= f(x)+ f'(x).Ax (asdx= Ax) [% Mark]
Step 4:

= f(2.01) = (4x2 + 5x + 2) + (8x + 5)Ax

= [4(2)% + 5(2) + 2] + [B(2) + 5](0.01) [asx =2, Ax = 0.01]
= (16 + 10+ 2) + (16 + 5)(0.01)

= 28+ (21)(0.01)

=28+ 021

= 28.21 [1 Mark]

Hence, the approximate value of [ (2.01)is 28.21.

Find the approximate value of f (5.001), where f(x) = x® — 7x? + 15 [2 Marks]
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Solution:

Step 1:

Given: f(x) =x*—7x* + 15

Step 2:

Let x = 5 and Ax = 0.001. Then, we have:

F(5.001) = f(x+ Ax) = (x + Ax)® — 7(x + Ax)* + 15 [% Mark]
Step 3:

Mow, Ay = f(x + Ax) — f(x)

“flx+ Ax) = fx) + Ay

=f(x)+ f'(x) - Ax (as dx = Ax) [% Mark]

Step 4:

= f(5.001) = (x* — 7x* + 15) + (3x* — 14x)Ax

= [(5)® — 7(5)* + 15] + [3(5)? — 14(5)](0.001) [x = 5,Ax = 0.001]
= (125—-175+ 15) + (75 — 70)(0.001)

= —35 + (5)(0.001)

= —35 + 0.005

= —34.995 [1 Mark]

Hence, the approximate value of f (5.001) is —34.995.

Find the approximate change in the volume V of a cube of side x metres caused by
increasing the side by 1%. [2 Marks]

Solution:

Step 1:

Given:

Increase in the side = 1% = 0.01x
~ Ax = 0.01x

Step 2:

The volume of a cube (V) of side x is given by V = x°.

dv = (dv)a_r
~ \dx
3
dv =(dE;])ﬂx [1 Mark]
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Step 3:

= (3x?) Ax

= (3x2)(0.01x) [as 1% of x is 0.01x]
= 0.03x* [1Mark]

Therefore, the approximate change in the volume of the cube is 0.03x* m?.

Find the approximate change in the surface area of a cube of side x metres caused by
decreasing the side by 1%. [2 Marks]

Solution:

Step 1:

Given:

Decrease in the side = 1% = —0.01x
&~ Ax = —0.01x

Step 2:

The surface area of a cube (§) of side x is given by § = 6x°,

as

o= (2)ax [1mark]

Step 3:

= (12x)Ax

=(12x)(—0.01x) [as1%ofxis0.01x]
= —0.12x* [1 Mark]

Hence, the approximate change in the surface area of the cube is —0.12x* m?.

If the radius of a sphere is measured as 7 m with an error of 0.02m, then find the
approximate error in calculating its volume. [2 Marks]

Solution:
Step 1:
Given:
Radius of a sphere = 7 m
Error=0.02 m
Step 2:
www.vikrantacademy.org
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Let r be the radius of the sphere and Ar be the error in measuring the radius.
Then,
r=7mandAr = 0.02 m

Mow, the volume V of the sphere is given by,

4
V =—mur?
3!’!’]‘

R L P, d
L 4mr [2 Mark]

Step 3:

‘&V—(du)ﬂ
= =g )4

= (4mrd)ar [% Mark]
Step 4:

= 4r(7)*(0.02) m?

AV = 3.92r m® [1 Mark]

Hence, the approximate error in calculating the volume is 3.92m m?,

If the radius of a sphere is measured as 9 m with an error of 0.03 m, then find the
approximate error in calculating in surface area. [2 Marks]

Solution:
Step 1:
Given:
Radius of a sphere = 9 m
Error=0.03 m
Step 2:
Let r be the radius of the sphere and Ar be the error in measuring the radius.
Then,
r=9mand Ar = 0.03 m
Now, the surface area of the sphere (5) is given by,
§ = 4mr?
ds

. d45 -t
e 8mr [1 Mark]

Step 3:
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'ds—(ds)&
nds =\ r

= (8nr)Ar  [; Mark]
Step 4:

= 8m(9)(0.03) m?

= 2.16mm* [1 Mark]

Hence, the approximate error in calculating the surface area is 2.16m m®.

If f{x) = 3x% + 15x + 5, then the approximate value of f (3.02) is [2 Marks]
A 47.66
B. 57.66
C. 67.66
D. 77.66

Solution:

Step 1:

Given:

flx)= 3x2+15x+5
Step 2:

Let x = 3 and Ax = 0.02.

Then, we have:

£(3.02) = f(x + Ax) = 3(x + Ax)®> + 15(x + Ax) + 5 [% Mark]
Step 3:

Mow, Ay = f(x + Ax) — f(x)

= f(x+ Ax) = f(x) + Ay

=f(x)+f'(x)Bx  (Asdx=Ax) [5Mark]

Step 4:

= f(3.02) = (3x* + 15x + 5) + (6x + 15)Ax

= [3(3)2 + 15(3) + 5] + [6(3) + 15](0.02)  [Asx = 3,Ax = 0.02]
= (27 + 45+5) + (18 + 15)(0.02)

= 77 + (33)(0.02)
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=77+ 0.66
= 77.66 [1 Mark]
Therefore, the approximate value of £(3.02) is 77.66.

Hence, the correct answer is D.

The approximate change in the volume of a cube of side x metres caused by increasing the
side by 3% is [2 Marks]

A.0.06 x*m?>
B. 0.6x*m?
c. 0.09x*m?

D.0.9x3m3

Solution:

Step 1:

Given:

Increase in the side = 3% = 0.03x
* Ax = 0.03x

Step 2:

The volume of a cube (V) of side x Is given by V = x°.

W _3x2 2 Mark]
tlx Z
Step 3:
dV (dv) A
=|— X
dx

= (3x%)Ax [ Mark]

Step 4:

= (3x%)(0.03x) [As % of x is 0.03x]

= 0.09x*m?

Therefore, the approximate change in the volume of the cube is 0.09x*m?.

Hence, the correct answeris C.  [1 Mark]
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Exercise 6.5

Find the maximum and minimum values, if any, of the following functions given by
(i) f(x) = (2x — 1)* + 3 [2 Marks]

(i) f(x) =9x% + 12x + 2 [2 Marks]

(i) f(x) = —(x — 1)* + 10 [2 Marks]

(iv) g(x) = x* + 1 [2 marks]

Solution:

(i) Step 1:

The given function is f(x) = (2x — 1) + 3.

Step 2:

It can be observed that (2x — 1)? = 0 for everyx € R. [% Mark]
Step 3:

Therefore,

f(x) =(2x—1)*+3 = 3foreveryx € R. [% Mark]

Step 4:

The minimum value of f is attained when Z2x — 1 = 0,

2x=1=0D

1 1
LE=g [EMarit]
Step 5:

Hence, the minimum value of f = f (%) = (2 ~%— 1)2 +3=3

Therefore, function f does not have a maximum value. [% Mark]

(ii) Step 1:
The given functionis f(x) = 9x% + 12x + 2
Step 2:
The given f(x) can also be written as:
f(x)=(3x+2)*-2
it can be observed that (3x + 2)° = 0 for every x € R. [% Mark]
Step 3:

Therefore, f(x) = (3x + 2)* — 2 > —2 for every x € R. [% Mark]
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Step 4:
The minimum value of f is attained when 3x + 2 = 0.

Ix+2=0
T 1M k
~x=— [;Mark]
Step 5:

Hence, the minimum value of f = f (— 2)

=(3(D)+2) -2=-2

Therefore, function f does not have a maximum value. [11_ Mark]

(iii) Step 1;
The given function is f(x) = —(x — 1) + 10.
Step 2:
It can be observed that (x — 1}% = 0 for every x € R. [% Mark]
Step 3:
Therefore, f(x) = —(x — 1)* + 10 < 10 for every x € R. [% Mark]
Step 4:
The maximum value of f is attained when (x — 1) = 0.
(x—1)=10
~x=0 [;Mark]
Step 5:
Hence, the maximum valueof f = f(1) = —(1—-1)* + 10 = 10

1
Therefore, function f does not have a minimum value. [E Mark]

(iv)Step 1:

The given function is g(x) = x* + 1.

Step 2:

x3
g@) =" =327 [mark]
Step 3:
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Putting g'(x) =0

3x*=0

x2=0

x=0 [% Mark]

Step 4:

Hence by the first derivative test,

The point x = 0 is neither a point of local maxima nor a point of local minima
Hence, x = 0 is point of inflexion.

Therefore, there is no maximum value or a minimum value. [1 Mark]

Find the maximum and minimum values, if any, of the following functions given by
(i f(x)=|x+2|—1 [2Marks]

(i) g(x) = —|x + 1] + 3 [2 Marks]

(iii) h(x) = sin{2x) + 5 [2 Marks]

(iv) f(x) = |sin4x + 3| [2 Marks]

(vyh(x) =x+1,x € (—1,1) [2 Marks]

Solution:

(i} Step 1:

Given: f(x) =|x+ 2] -1

Step 2:

We know that [x + 2| = 0 for every x € R. [% Mark]
Step 3:

Thus, f{x) =[x +2]—1 = —1foreveryx € K. [% Mark]
Step 4:

The minimum value of f Is attained when |[x + 2| =0
lx+ 2] =0

Sx=-2 [% Mark]

Step 5:

Hence, the minimum value of f = f(—2)

= =2 42 =T =1
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1
Therefore, function f does not have a maximum value. [1_- Mark]

(i} Step 1:

Given: g(x)=—|x+ 1|+ 3

Step 2:

We know that for every x € R.

—lx+1]<0 [%Mark]

Step 3:

since, g{x) = —|x+ 1|+ 3 < 3foreveryx € R. [%Mark]
Step 4:

The maximum value of g is attained when |[x + 1| = 0
x+ 1] =10

=x=-1 [;Mark]

Step 5:

Hence, the maximum value of g = g(—1)
=—{1+1[+3 =3

1
Therefore, function g does not have a minimum value. [E Mark]

(iii}Step 1:

Given: h(x) = sin2x + 5

Step 2:

We knowthat —1 < sin2x < 1. [% Mark]
Step 3:

MNow, adding 5 on both the sides we get:
—1+5<sin2x+5<1+5 [ Mark]
Step 4:

S 4<sinZ2x+5<6

4<f(x)<6 [% Mark]

Step 5:

1
Hence, the maximum and minimum values of h are 6 and 4 respectively. [E Mark]
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(iv)Step 1:

Given: f(x) = [sin4x + 3|

Step 2:

We know that —1 < sin4x < 1. [% Mark]
Step 3:

Now, adding 3 on both the sides we get:
—1+3<sindx+3<1+3
2<sindx+3<4 [z Mark]

Step 4:

By taking modulus we get:

L 2= |sindx+3| =4

4<f(x)<2  [zMark]

Step 5:

Hence, the maximum and minimum values of f are 4 and 2 respectively.

(iv) Step 1:

Given: h(x) =x+1,x€ (—1,1)

Step 2:
hix)=x+1,
T El=1.1)

1
Meaning, -1 <x <1 [E Mark]

Step 3:
Adding 1 throughtout:

D<x+1<2
0<h(x)<2 [;Mark]

Step 4:

1
[E Mark]

Therefore, function h(x) has neither maximum nor minimum value in (—1,1). [1 Mark]
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3. Find the local maxima and local minima, if any, of the following functions. Find also the local
maximum and the local minimum values, as the case may be:
(i} Flx) = x* [2 Marks]
(i) g(x) = x* — 3x [2 Marks]
fiii) h(x) = sinx +cosx,0 < x -r:% [2 Marks]
fiv) f(x) = sinx —cosx,0 < x < 2w [4 Marks]
(v) f(x) = x* — 6x% + 9x + 15 [4 Marks]
(vi) g(x) =3+ f x>0 [4Marks]

1
+2

(vil) g(x) = —5 [2 Marks]

{viii) f(x) =xv¥1—x,x > 0 [4 marks]

Solution:

(i) Step 1:

Given:

flz) =«

Step 2:

() = 2%

Mow, let us equate it to zero:
flix)=0

=x =0 [;Mark]
Step 3:

Thus, x = 0 is the only critical point which could possibly be the point of local maxima or
local minima of f. [% Mark]

Step 4:

We have, f"(0) = 2 which is positive.

Therefore, by second derivative test, x = 0 is a point of local minima. [% Mark]
Step 5:

Local minimum value of fatx = 0is f(0) = 0. [% Mark]

(i} Step 1:
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Given: g(x) = x* — 3x
Step 2:
~g'(x)=3x2-3

MNow

g'(x)=0

=

g | [%Mark]

Step 3:
g'(x)=6x
g'(1)=6>10

g'(—1) = —6 < 0 [; Mark]
Step 4:

By second derivative test,

VIKRANTADAD=ZMY"

x = 11s a point of local minima and local minimum valueof gatx = 1isg(1) = 1* -3 =

1-3=-2 [% Mark]

Step 5:

Also, x = —1 is a point of local maxima and local maximum value of g atx = —1is g(1) =

(-1*-3(-1) = -1+3 = 2. [; Mark]

(iii}Step 1:

Given: h(x) =sinx +cosx,0 <x -r.'.g
Step 2:

=~ h'(x) = cosx — sinx

h(x)=0

= 5iNX = COS X

= tanx =1

= x=5€(03) [;Mark]

Step 3:

h'"(x) = —sinx — cos x

= —(sinx + cos x)

Page 72 of 138

www.vikrantacademy.org
Call: +91- 9686 - 083 - 421




VIKRANTADAD=ZMY"

" @)-- (73

=—vJ2<0 [% Mark]

2
V2

Step 4:

Therefore, by second derivative test, x = % Is a point of local maxima and the local

W

maximum value of h at x = i
w . 1T T 1 1
h (;) =sing+cos ==+== VZ. [1 Mark]
(iv)Step 1:
Given: f{(x) =sinx —cosx,0 < x < 2m
Step 2:

s f'(x) = cosx + sinx

fllx)=0
= 05X = —sinx
= tanx = —1
= x =2, ¢ (0,.2m) [1 Mark]
Step 3:
f'(x)=—sinx +cosx
3 3 3 1 1
f”(T]=—sirlT+casT=——2—E=—ﬁ{D
T . TR I 1 1
f”(T)=—SIIIT+CDST=E+E=E}G [1 Mark]
Step 4:

3
Hence, by second derivative test, x = Tn is a point of local maxima and the local maximum
3w 3m . 37 Im 1 1
valueof f atx = Tle (T) = Sin—_—-—cos—— = ﬁ+ﬁ = /Z [1 mark]
Step 5:
7
Also, x = Tn is a point of local minima and the local minimum value of f is

f(?_“)zsfn?_n—fgg?—nz—i_— = —yZ [IMarkI
n 4 NE

1
V2

(v)Step 1:
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Given: f(x) = x* — 6x% +9x + 15
Step 2:

A f'(x)=3x2—12x+9 [;Mark]
Step 3:
F(x)=0=23(x2—-4x+3)=0
=3x—1)[x—3)=10

=x =13 [;Mark]

Step 4:

Now, f"(x)=6x — 12 =6(x—2)
f'(1)=6(1-2)=-6<0
f'(3)=6(3—-2)=6>0 [1Mark]

Step 5:

VIKRANTADAD=ZMY"

Hence, by second derivative test, x = 1 is a point of local maxima and the local maximum

valueoffatx =11is
fll)=1—6+94+15=19. [1 Mark]

Step 6:

However, x = 3 is a point of local minima and the local minimum value of fatx =3 is

f(3) =27 — 54 + 27 4+ 15 = 15. [1 Mark]

(vi) Step 1:
Given: g(x) :;—f+§.x =0
Step 2:
; s O

< (_X:J = E_;[E Marit]
Step 3:
Mow,

PES 2 2
gx)=0 Gives — =
=S x? =4
== [% Mark]

Step 4:
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Sincex > 0, we take x = 2.

Mow,
-+
g”(x} _— 1_3
g '(2) ==5>0 [1Mark]
Step 5:

Hence, by second derivative test,
x = 2 is a point of local minima [1 Mark]
Step 6:

The local minimum valueof gatx =2 is

g(2) = §+§= 14 1 = 2.[1 mark]
(vii) Step 1:

Given: g(x) = T,

Step 2:

B __—f2x) 1

~ g (x)= (x2+2)2 £ Markj

Step 3:

P . =Ix . - 1
gx)=0 = b=>x=—0D [2 Mark]
Step 4:

H(x) = 220273
gw= (x%+2)*

Therefore,atx =0

ey 227300 1 o
9"(x) =—gapr =~z <0 Mark]

Step 5:

Hence, by second derivative test,

1

x = 0 s a point of local maxima and the local maximum value of g(0) I s = % [% Mark]

(viii) Step 1:

Given: f(x) =xv1—x,x >0
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Step 2:

1
flix)=vl—x+x- zm{—u
X
2Nl —x
i=x)—x
T i-x

2-3
= _x [1 Mark]

l1—x—

Step 3:
Mow,
fl(x)=0
2—3x
o S
2Nl—x
=2—3x=1
v
= [EMark]

Step 4:

Vi—=(-3)-(2- 3x]|:

1-x

So, f"'(x) = 1[

TR G — 3x](2v,%)
2(1—x)

B —6(1—x)+(2—3x)

3
4(1—1x)2
3r—4
= = [1 mark]
4{1-x)2
Step 5:
2
MNow, x = 5

.(2)_3G) -4
rG)-—53
4(1-3)
- = —— < 0[; Mark]
3 2(3)

Step 6:

2—4

_IJI [Usmg guotient rule
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@) -2

Hence, by second derivative test, x = ; is a point of local maxima and the local maximum

i
value of f atx = 315
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1 2 33
TS L a [1 Mark]

Prove that the following functions do not have maxima or minima:
(i). fix) =e* [2 Marks]
(i) g(x) = logx [2 marks]

(iii). h(x) = x> + x>+ x + 1 [2 Marks]

Solution:

(i)5tep 1:

Given:

flx)=e*

Step 2:

Now, if f'(x) =e* =10,

Thene®™ =10

But the exponential function can never assume the value 0 for any value of x. [1 Mark]
Step 3:

Hence, there does not exist ¢ € R such that f'(¢) = 0.
Therefore, function f does not have maxima or minima. [1 Mark]

Hence proved.

(il)Step 1:
Given:
gix)=1logx
Step 2:

1
s g(x) = %
Since log x is defined for a positive number x, g'(x) > 0 for any x. [1 Mark]
Step 3:
Therefore, there does not exist ¢ € R suchthatg'(c) =0
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Therefore, function g does not have maxima or minima. [1 Mark]

Hence proved.

(iii}Step 1:

Given:
hix)=x*+x+x+1

Step 2:
sh'(x)=3x+2x+1

Mow,

h(x)=10

=3x2+2x+ 1 =0 [1Mark]
Step 3:

—2+242i —-1+4Zi
- 6 =—3 ¢

Hence, there does not exist ¢ € R such that h'(c) = 0.

— . R

Therefore, function h does not have maxima or minima. [1 Mark]

Hence proved.

Find the absolute maximum value and the absolute minimum value of the following
functions in the given intervals:

(i) f(x) = x3, x €[-2,2] [2Marks]
(i) f(x) =sinx 4+ cosx, x € [0, 7] [4marks]
(i) F(x) = 4x —3x%, x € [—2.3] [4 Marks]

(iv) f(x) =(x—1)2+3, x € [-3,1] [4 Marks]

Solution:

(i)Step 1:

The given function is f(x) = x2.
Step 2:

&) =3

Mow,

f'(x)=0

=k x =1
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Then, we evaluate the value of f at critical point x = 0 and at end points of the interval
[~2.2]. [; Mark]

Step 3:

f0)=0

f(=2)=(-2)*=-8

f(2) = (2)* = 8 [; Mark]

Step 4:

Therefore, we can conclude that the absolute maximum value of f on [—2, 2] is 8 occurring
1

at x = 2. Also, the absolute minimum value of f on [—2, 2] is —8 occurring at x = —2. [E

Mark]

Step 5:

Therefore, the required absolute maximum value and the absolute minimum value for the

1
given function are 8 and —8 respectively. [E Mark]

(ii)5tep 1:

The given function is f{x} = sin x + cos x.
Step 2:

= F'(x) = cosx —xing

Mow,

fllx)=0

= 5INX = €05 X

=tanx =1

=

4

Then, we evaluate the value of f at critical point x = % and at the end points of the interval
[0,7]. [1 Mark]

Step 3:

f(—)zsinf+casf=i+i=
4 4 2 2
fl0)=sin0+cosD=0+1=1
flr)=sinn+cosa=0-1=-1 [I%Mark]
Step 4:

Hence, we can conclude that the absolute maximum value of f on [0, m] is 1n.'rin:h:i:.urrlng at
= %. Also, the absolute minimum value of f on [0,m] Is —1 occurring at x = m.
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Therefore, the required absolute maximum value and the absolute minimum value for the

given function are V2 and —1 respectively. [1% Mark]

(iii) Step 1:

The given function is f(x) = 4x —%xz.
Step 2:

s~fix)=4 —%(Zx} =4—x

Mow,

fl(x)=0

=x =4

Then, we evaluate the value of f at critical point x = 4 and at the end points of the interval
|-2.2] 11 mark]

Step 3:

f(4) = 16—%(16] =16-8=8
f(-2) = —a—%m =—8-2=-10

f(;) = 4@) —;(E)z =18-7-=18—10.125=7.875 [1; Mark]

Step 4:

g
Hence, we can conclude that the absolute maximum value of [ on [_E‘E] is B occurring at

x = 4 and the absolute minimum value of f on [—2,;] is —10 occurring at x = —2.

Therefore, the required absolute maximum value and the absolute minimum value for the

1
given function are 8 and -10 respectively. [1; Mark]

(iv) Step 1:

The given functionis f(x) = (x — 1)* + 3
Step 2:

&) =2x—1)

Mow,

fl(x)=0
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= 2(xr—1)=0
Hox=1

Then, we evaluate the value of f at critical point x = 1 and at the end points of the interval
[—3.1]. [1 Mmark]

Step 3:

fiy=(1—-1)24+3=0+3=3
f(=3)=(-3-1)?*4+3=16+3=19 [1% Mark]
Step 4:

Hence, we can conclude that the absolute maximum value of f on [—3,1] is 19 occurring at
x = —3 and the minimum value of f on [—3,1] is 3 occurring at x = 1.

Therefore, the required absolute maximum value and the absolute minimum value for the
given function are 19 and 3 respectively.

Find the maximum profit that a company can make, if the profit function is given by p(x) =
41 —72x — 18x* [4 Marks]

Solution:

Step 1:

The profit function is given as p(x) = 41 — 72x — 18x2.
Step 2:

Lp'(x)=-72 - 36x

p"'(x) = —36 [1 Mark]

Step 3:

MNow,

p'(x)=0

= _—?E =—2
36

Also,

p"(=2) = —-36 < 0 [1Mark]
Step 4:
By second derivative test, ¥ = —2 is the point of local maxima of p.

Hence, Maximum profit = p(—2) [1 Mark]
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Step 5:

=41-72(-2) —18(-2)*
=41+ 144—72

=113 [1 Mark]

Therefore, the maximum profit that the company can make is 113 units.

Find both the maximum value and the minimum value of 3x* —8x3 + 12x2 — 48x + 25 on
the interval [0, 3]. [4 Marks]

Solution:

Step 1:

Let f(x) = 3x* —Bx? + 12x? — 48x + 25
Step 2:

s fl(x) =12x% — 24x* + 24x — 48
=12(x*—2x*+2x—4)

=12[x*(x — 2) + 2(x — 2)]
=12(x—2)(x* +2) [;Mark]

Step 3:

MNow

¥

f'(x) = 0 gives x = 2 or x? + 2 = 0 for which there are no real roots.
Hence, we consider only x = 2 € [0,3] [i Mark]
Step 4:

Mow, we evaluate the value of f at critical point x = 2 and at the end points of the
interval [0,3].

£(2) = 3(16) — B(8) + 12(4) — 48(2) + 25
= 48— 64 + 48 — 96 + 25

= -39

£(0) = 3(0) — B(D) + 12(0) — 48(0) + 25

=25

f(3) = 3(B1) — B(27) + 12(9) — 48(3) + 25
=240=3-216+108—144+25=16 [1;Mark]

Step 5:
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Therefore, we can conclude that the absolute maximum value of f on [0,3] is 25 occurring
at x = 0 and the absolute minimum value of f at [0,3] is —39 occurring at x = 2. [1%
Mark]

At what points in the interval [0, 2], does the function sin 2x attain its maximum value?

[4 Marks]

Solution:

Step 1:

Let f(x) = sin 2x.
Step 2:

s Filx) = 2cos2x

Mow

&

flix)=0

= cos2x=10Q

Il

[

™

[l
S

|

Step 3:

Im 5w Tm
g Py

& |

Then, we evaluate the values of [ at critical points x = and at the end points of

the interval [0,2m].

f(%) = sin;= 1,
3w 3w
(T) = sm? =]
5m S
(T) = sm? =1
Tn T

f(T) = sm?— i |

fl0)=5in0=0,f(2r) =sin2m = 0 [2 Marks]
Step 4:

Therefore, we can conclude that the absolute maximum value of f on [0,21] is occurring at

= %and X %. [1 Mark]
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9. What is the maximum value of the function sin x + cos x? [4 marks]

Solution:

Step 1:

Let f(x) = sinx + cos x.
Step 2:

Now, f" (x) will be negative when (sin x + cos x) is positive i.e., when sin x and cos x are
both positive. Also, we know that sin x and cos x both are positive in the first quadrant.

Then, f""(x) will be negative when x € (Dg) That is:
flix)=0

= cosx—sinx=10

= tanx =1

Thus, we consider x =% [1 Mark]

Step 3:
f” (E) = (5[n%+ EG.S‘E) = (1'%) = —\."'i <0 . [1Mark]
Step 4:

Therefore, by second derivative test,

[ will be the maximum atx = % and the maximum value of f is

w . T w 1 1 2
f(:) = sin_+ msz—ﬁxﬁ—ﬁ— V2

Hence, the maximum value of the given function is 2. . [2 Marks]

10. Find the maximum value of 2x* — 24x + 107 in the interval [1, 3]. Find the maximum value
of the same function in [—3,—1]. [4 marks]

Solution:
Step 1:
Let f(x) = 2x* — 24x + 107.
Step 2:
A f'(x) =6x2 —24 = 6(x2 — 4)
MNow,
flix)=0
= 6(x2—4)=0
www.vikrantacademy.org
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=x>=4

=x =22 . [1Mark]

Step 3:

Let us consider the interval [1,3].

Then, we evaluate the value of f at the critical point x = 2 and at the end points of the
interval [1,3].

F(2) = 2(8) — 24(2) + 107
=16—48+ 107 =75

F(1) =2(1) — 24(1) + 107
=2—24+107 =85

F(3) = 2(27) — 24(3) + 107
=54—-72+107 =89 . [1Mark]
Step 4:

Therefore, the absolute maximum value of f(x) in the interval [1,3] is 89 occurring at x =
3.

1
[5 Mark]

Step 5:

Next, we consider the interval [—3, —1].

Evaluate the value of f at the critical point x = —2 and at the end points of the interval
[—3.=1]

f(—3)=2(—27)— 24(—3) + 107
=-54+72+4+107 =125
f(—1)=2(-1)—-24(-1)+ 107
=—2+244+107 =129

f(—2) = 2(—8) — 24 (-2) + 107
=—16+48+ 107 =139 . [1 Mark]
Step 6:

Therefore, the absolute maximum value of f(x) in the interval [—3, —1] is 139 occurring at
=

[; Mark]
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11. It is given that at x = 1, the function x* — 62x? + ax + 9 attains its maximum value, on the

12.

interval [0, 2]. Find the value of a. [2 Marks]

Solution:

Step 1:

Let f(x) = x* — 62x* + ax + 9.
Step 2:

L f'i(x)=4x3-124x+a

It is given that function f attains its maximum value on the interval [0,2] at x = 1.

=~ f'(1) =0 [1Mark]

Step 3:

=4—-1244+a=0
= a =120 [1Mark]

Therefore, the value of ais 120.

Find the maximum and minimum values of x + sin 2x on [0,2m]

Solution:

Step 1:

Let f(x) = x + sin 2x.
Step 2:

s F(x)=14+2cos2x
Now, f'(x) =0

1 b
= COS2Xx = =g =k

3
= Cos (rr ")
T 3

r 1
cosix = 1::1:%57;rr [E Mark]
Step 3:

General solution for cos2x is

2m
2x=2ni?nEZ

T
=:«x=mri§.nEz
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Putting n=0, we get:

(23?)_2:1 : 4rr_21r k]
f i

(43?)_4?1 : Brr_4rr+v"§
f i S

(5n)_5n+ _10m _5m V3
2y,
fO)=0+s5in0=0

f(2n)=2m+ sindm = 2n + 0 = 2m [2 Marks]

Step 5:

VIKRANTADAD=ZMY"

Therefore, we can conclude that the absolute maximum value of f(x) in the interval [0,2m]
is 2 occurring at x = 2w and the absolute minimum value of f (x) in the interval [0, 27] is

0 occurring at x = 0. [1 Mark]

Find two numbers whose sum is 24 and whose product is as large as possible. [4 Marks]

Solution:
Step 1:
Let one number be x.

Then, the other number is (24 — x).

Given: x + (24 — x) = 24, Product of x and 24 — x is maximum.

Step 2:

Let P(x) denote the product of the two numbers.

So, we have

P(x) = x(24 — x) = 24x — x?
& PxY =22

P"(x) = -2 [1Mark]

Step 3:

Page 87 of 138

www.vikrantacademy.org
Call: +91- 9686 - 083 - 421




VIKRANTADAD=ZMY"

Mow,
Pix)=0
=x=12
Also,

P"(12)=—-2<0 [1% mark]
Step 4:
Hence, by second derivative test, x = 12 is the point of local maxima of P.

Therefore, the product of the numbers is the maximum when the numbers are 12 and 24 —
12 = 12. [1% Mark]

. Find two positive numbers x and y such that x + y = 60 and xy? is maximum. [4 marks]

Solution:

Step 1:

Given: The two numbers are x and y such that x + y = 60.
s y=60—x

Step 2:

Let f(x) = xy?

= f(x) = x(60 — x)?

Step 3:

= f(x) = (60 — x)* — 3x(60 — x)*

= (60 — x)?[60 — x — 3x]

= (60 — x)%(60 — 4x)

Now, f'(x) =10

= x =60 orx = 15 [1 Mark]

Step 4:

and, f''(x) = —2(60 — x)(60 — 4x) — 4(60 — x)*
= —2(60 — x)[60 — 4x + 2(60 — x]]

= —2(60 — x)(180 — 6x) [1 Mark]

Step 5:
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When, x =60, f"(x) =0

When, x = 15, f"(x) = —12(60 — 15)(180 —90) = —B100 < 0

Hence, by second derivative test, x = 15 is a point of local maxima of . [1 Mark]
Step 6:

Thus, function xy¥? is maximum when x = 15and ¥ = 60 — 15 = 45,

Therefore, the required numbers are 15 and 45. [1 Mark]

Find two positive numbers x and y such that their sum is 35 and the product x2y%isa
maximum

[6 Marks]

Solution:
Step 1:

Given: Two positive numbers x and y are such that their sum is 35 and the product x*y° is a
maximum

Let one number be x.

Then, the other number is ¥ = (35 — x).

Let P(x) = x%y5.

Step 2:

Then, we have

P(x) = x%(35—x)°

s P'(x) = 2x(35 — x)° — 5x%(35 — x)*

= x(35— x)*[2(35 — x) — 5x]

= x(35— x)*(70 — 7x)

= 7x(35— x)*(10 — x)

Now, p'(x) = 0 = x = 0,35,10 [15 Marks]

Step 3:

And, P"(x) = 7(35 — x)*(10 — x) + 7x[—(35 — x)* — 4(35 — x)*(10 — x)]
= 7(35—x)*(10 — x) — 7x(35 — x)* — 28x(35 — x)*(10 — x)
= 7(35 — x)*[(35 — x)(10 — x) — x(35 — x) — 4x(10 — x)]
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= 7(35 — x)*[350 — 45x + x* — 35x + x* — 40x + 4x7]
=7(35—x)*(6x% — 120x + 35!))[1% Marks]

Step 4:

When x = 35,y = 35- 35 = 0 and the product x2y® will be equal to 0.
When x = 0,y = 35 — 0 = 35 and the product x%y> will be 0.

*» x¥ = 0 and x = 35 cannot be the possible values of x.

When x = 10, we have

P"(x) = 7(35 — 10)*(6 % 100 — 120 x 10 + 350)

= 7(25)3(—250) <0 [1% Marks]

Step 5:

Hence, by second derivative test, P(x) will be the maximum when x = 10 and y = 35 —
10 = 25,

Therefore, the required numbers are 10 and 25. [1%Marl:s]

. Find two positive numbers whose sum Is 16 and the sum of whose cubes is minimum.

[4 Marks]

Solution:

Step 1:

Given: Two positive numbers are such that their sum is 16 and the sum of their cubes is
minimum.

Let one number be x.

Then, the other numberis (16 — x).

Let the sum of the cubes of these numbers be denoted by 5(x).
Step 2:

Then,

S(x)=x*+(16—x)?

5 (x)=3x2—-3(16 —x)*?

§"(x) = 6x+ 6(16 — x) [1 Mark]
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Step 3:

Now, 5'(x) =0

=3x2-3(16—x)2=0

=>x—(16—x)*=0

=x?—-256—-x+32x=0
__ 256

= x =—=208 [1Mark]
3z

Step 4:

So, §"(8) = 6(8) + 6(16 — 8)

= 48 + 48 = 96 > 0 [1 Mark]

Step 5:

Hence, by second derivative test, x = B is the point of local minima of 5.

Therefore, the sum of the cubes of the numbers is the minimum when the numbers are 8
and 16 — 8 = B. [1 Mark]

17. A sguare piece of tin of side 18 cm is to be made into a box without top, by cutting a square
from each corner and folding up the flaps to form the box. What should be the side of the
square to be cut off so that the volume of the box is the maximum possible? [4 Marks]

Solution:
Step 1:
Given:

A square piece of tin has side 18cm.

>
.-.&

18 - 2x

Let the side of the square to be cut off be x cm.
Step 2:

Length after removing= 18 —x —x = 18— 2x
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Breadth after removing= 18 —x —x =18 — 2x
Height of the box = x [1 Mark]

Step 3:

Hence, the volume V{x) of the box is given by,
V(x) = (x)(18 — 2x)(18 — 2x)

V(x) = x(18 — 2x)?

~V'(x) = (18 — 2x)* — 4x(18 — 2x)

= (18 — 2x)[18 — 2x — 4x]

= (18 — 2x)(18 — 6x)

=bx2(9—x)(3—x)

=12(9 — x)(3 — x) [1 Mark]

Step 4:

And, V' (x)=12[—(9 —x) — (3 — x]]
=—12(9—x+3—x)

=—12(12 — Zx)

= —24(6 — x) [; Mark]

Step 5:

Now, V'(x) =10

12(9 —x){3—x) =10

=x=%orx = 3[%Mark]

Step 6:

If x =9, then, the length and the breadth will be 0.
Saigkg,

=8 A

Now, V"(3) = —-24(6—-3)=-72<0

Hence by second derivative test, x = 3 is the point of maxima of V.

Therefore, if we remove a square of side 3 cm from each corner of the square tin and make
a box from the remaining sheet, then the volume of the box obtained is the largest possible.
[1 Mark]
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