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CBSE NCERT Solutions for Class 12 Maths Chapter 05

Back of Chapter Questions

Exercise 5.1

Prove that the function f(x) = 5x — 3 is continuous at x = 0, at x = —3 and at x = 5.

Solution:

Given functionis f{x) = 5x — 3

Atx =0, f(0)=5(0) -3 =-3

LHL = xILT- Flx) =1111'I]1_{5x =3) =-—3

RHL = JLI‘I:II_'_ Fuli= EE‘JSI =4 = —3
Here, atx = 0,LHL = RHL = f(0) = -3
Hence, the function f is continuous at x = 0.
Now atx = —3, f(—3)=5(—3) —3=—18
LHL = IEI_]%__,I’:(X]I =xﬂ[n3_{5x —4) = —1H8
RHL = IEE}» Flx)= IEE%+(SI =3) =18
Here, atx = —3,LHL=RHL = f(—-3) = —18
Hence, the function f is continuous at x = —3.
Mx=5f(5)=5(5)—3=22

LHL = Iti.'}]— flx) =_JLI'£I._[5X - I

RHL = IILIEL Fix)= x]irg)f{ﬁx =3) =22

Here, atx = 5,LHL = RHL = f(5) = 22

Hence, the function f is continuous at x = 5.

2. Examine the continuity of the function f(x) = 2x* — 1 atx = 3.
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Solution:

Given function is f(x) = 2x% — 1.
Atx=3,f(3)=2(3>-1=17

LHL = lim f(x) =J£]_ig1_|[2x2 -1) =17
RHL = lim f(x) = xl_i.1§1+(2x2 -1 =17
Here, atx = 3,LHL = RHL = f(3) = 17

Therefore, the function f is continuous at x = 3.

Examine the following functions for continuity:
(@) f(x) =x—35

1
(b} f(x) = - 5

x

(0 f(x) =2, x -5
(d) f(x) = |x = 5]
Solution:

(a) Given function f(x) =x—5

Let k be any real number. At x =k, f(k) =k —5
LHL = I]HF_ f(x) =xliT_[x =0 =k =5

RHL = xl—i-T+ fix) = Illril+[x ~5)=k~5

Atx = k,LHL = RHL = f(k) = k=5

Hence, the function f is continuous for all real numbers.

(b} Given function f{x) = ﬁ.x #5

Let k(k + 5) be any real number. At x = &, f(k]) =

k-5

LHL = lim f(x) = lim [L =1
x—+k~ x

Sk \x-5 k-5

, , 1 1
RHL = lim, f(x) = lim () =

At x = k,LHL = RHL = f(k) :k_iﬁ

Hence, the function f is continuous for all real numbers (except ).
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x-25

x+5

{c) Given function f(x) =

=0

Let k(k #+ —5) be any real number.

k*-25  (k+5)(k-5)
Atx =k f(k)=—F+= *[m} = (k +5)

o s - s T (k+5)(k=5)}
LHL = lim f(x) = lim (55) = lim (—{hs; )=k+5

x—=k- v X Tk~

= 1i — i =2 e, [ERI-RY
RHL = IILT{UF(X} == IIE.IF+( x+5 J K IILT+ (k+5) ) =k+5
Atx=kLHL=RHL=f(k)=k+5
Hence, the function f is continuous for all real numbers (except —5).

h—x, x<h

{d) Given function is f(x) = |x — 5| = x—5 x>5

Let k be any real number. According to question,k canbek < 5ork =5ork > 5.
First case: Ifkt < 5,

flk)=5—kand lim f(x) = lim(5 — x} =5 — k. Here, lim f{x) = f(k)}
K x—k x—+k
Hence, the function f is continuous for all real numbers less than 5.

Second case: Ifk = 5,

f{k) =k —5and lim f(x) =lim{x — 5) = k — 5. Here, lim f(x) = f(k)
-k -k x—=k

Hence, the function f Is continuous at x = 5.

Third case: If k = 5,

f(k) =k —5 and lim f(x) = lim(x — 5) = k — 5.Here, lim f(x) = f(k)
-k x—k x—k

Hence, the function f is continuous for all real numbers greater than 5.

Hence, the function f is continuous for all real numbers.

4. Prove that the function f(x) = x", is continuous at x = n, where n is a positive integer.

Solution:

Given function is f(x) = x".

AMx=mnfn)=x"

] — ny __ ..

lim f(x) = lim(x") = x

Here, atx = n, lim f(x) =f(n) = x"
M

Since Ii_l:l;l1 f(x) =f(n) =x"
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Hence, the function f is continuous at x = n, where n is positive integer.

xr,x=1

5. Is the function f defined by f(x) = [5 =1

continuousatx =07 Atx = 17 Atx = 27

Solution:

<
Given function is f(x) = [JEC‘ ; % i

Atx =0, f(D)=0

Li_tréf[x} =-_Iri_r.ré{.r] =0

Hereatx = I].chi_r'l%f[.r) =f(0)=0

Hence, the function [ is discontinuous at x = 0.
Atx=1,f(1)=1

LHL = xli_w_f[x} :xILT-(I) =

RHL = Iilrguf{x} £ J}_i,l?+(5) =5

Here, atx = 1, LHL #+ RHL.

Hence, the function [ is discontinuous at x = 1.
Atx =2 f(2)}=5

lim f(x) = lim(5) = 5

Here, atx = 2.}(1_1:!;}‘_(1’] =f(2)=>5

Hence, the function f is continuous at x = 2.

2x+3, Ifx <2

6. Find all points of discontinuity of f, where f is defined by f(x) = sz —3 Ifx>2

Solution:
Let k be any real number. According to question, k < Z2ork=2ork > 2
Firstcase: k < 2

flk)=2k+ 3 and lirr*l: flx) = lin;:[zx + 3) = 2k + 3. Here, Iini flx)= f(k)
xX—¥ X X+
Hence, the function f is continuous for all real numbers smaller than 2.
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Secondcase:Ifk = 2,f(2) =2k + 3
LHL = lim f(x)= lim (2x+3)=7
x—2~ X2~
RHL = leIEl+ filx)= xIlr2r|+{2x —31=1
Here, at x = 2, LHL = RHL. Hence, the function f is discontinuous at x = 2.
Third case: If k > 2,
flk)=2k—3and lirrﬂf{x] = ]inﬁ[ZX — 3) = 2k — 3. Here, IinE Flx) = flk)
X—¥ X xX—¥
Therefore, the function f is continuous for all real numbers greater than 2.

Hence, the function f is discontinuous only at x = 2.

7. Find all points of discontinuity of f,

x|+ 3, Ifx< -3
where f isdefined by f(x) ={—2x,If-3<x <3
6x+2, Ifx>3

Solution:

Let k be any real number. According to question,
k<—3ork=—3or—-3<k<3ork=3ork>3

First case: If k < —3,

flx)=—k+3and li_l&f(x} = li_(ri{—x + 3) = —k + 3. Here, ll_l:l; flx) = f(k)
Hence, the function f is continuous for all real numbers less than —3.
Second case:ifk = —3,f(-3)=—(-3)4+3=6

LHL = IEI_I;_}F{I] = xE[r;_(—x+ 3] — =AY — 6

RHL = IE93+ fix)= IEE%+(_EX} = —2(—3) = 6. Here, 11{1_1":;: fix) = f(k)
Hence, the function f is continuous at x = —3.

Third case: If =3 < k < 3,

flk)=—2k and JIrl_lg fix) = ii_trﬁlcf{—z,r) =—2k. !-Hare,JIci_l]Ejt flx)=f(k)
Hence, the function f is continuous at —3 < x < 3.

Fourth case: If &k = 3,

LHL = xl—iHcl- Flx)= JLT_{—Zx) = —2k

RHL = xl_i.T+ f{x) = xliri1+ (bx+ 2) = 6k + 2,

Here, at x = 3, LHL + RHL. Hence, the function f is discontinuous at x = 3.
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Fifth case: If k > 3,
flk) =06k + 2and lim f{x) = lim(6x + 2) = 6k + 2. Here, lim f(x) = f(k)
x—k x—+k x—k

Hence, the function f is continuous for all numbers greater than 3.

Hence, the function f is discontinuous only at x = 3.

Txl
8. Find all points of discontinuity of f, where f is defined by f(x) = [x s XD
0, Ifx=0

Solution:

After redefining the function f, we get

x
——=-1, fx<0
x
flx)=10, Ifx=20
X
—=1, fx>=>0
x

Let k be any real number. According to question,k < 0ork=0or k = (.

First case: If k < 0,

fk) = —3 = —1and lim f(x) :E‘fc(_f) = —1.Hence, lim f(x) = f (k)

Hence, the function f is continuous for all real numbers smaller than 0.
Second case: If, k = 0,f(0) =0

. . x - . x
LHL = lim f(x) = lim (—%) =—1and RHL = lim f(x) = lim (5)=1
Here, at x = 0, LHL # RHL. Hence, the function f is discontinuous at x = 0.

Third case: If k > 0,

k . : x .
Flk) = Pl 1 and LI_IEf[:X} = ll_l:l]!lt (;) =il Here,}cﬂf(x} = f(k)
Hence, the function f is continuous for all real numbers greater than 0.

Therefore, the function f is discontinuous only at x = 0.

X

—, lfx=<0
9. Find all points of discontinuity of f, where f is defined by f(x) = [114

—1, lfx >0
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Solution:

Redefining the function, we get

* ad 1, Ifx=<0
= e e =il G
f(x)={lx| —x
-1, Ifx =0
Here, Iinl flx) = f(k) = —1, where k is a real number.
I—"

Hence, the function f is continuous for all real numbers.

x+1, If=1
gt dndf x < 1

10. Find all points of discontinuity of f, where f is defined by f(x) = {
Solution:

x+1, If=1
x2+1, Ifx<1

Given function is defined by f(x) = [
Let k be any real number. According to question,k < lork=1lork > 1
Firstcase: If k < 1,

f(k)=k%+1and Eﬂﬂx} = JIri_r'r-é(]f2 + 1) = k% + 1. Here, liﬂf{x] = f(k)
Hence, the function f Is continuous for all real numbers smaller than 1.
Secondcase:lfk=1,f(1)=141=2

LHL = Jclir{l_f{x} =xtir{|_{x2 T l=1+2 =2

RHL = xllr{grf{x] = :;t15111+{x+ 1)=1+1=2,

Here, at x = 1, LHL = RHL = f(1). Hence, the function f is continuous at x = 1.
Third case: If k > 1,

flk)=k+1and }:i_I'I;le[I} = lﬂ[x Iy =K+ I.Here,ii_l}ﬁf(x) = f{k)
Hence, the function f is continuous for all real numbers greater than 1.

Therefore, the function f is continuous for all real numbers.

x3-3, Ifx<2

11. Find all points of discontinuity of f, where f is defined by f(x) = Exz L1 IFx>2
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Solution:

3 -3, Hx<2

Given function is defined by f(x) = [xz +1 Ifx>2

Let k be any real number. According to question, k < 2ork=2o0rk > 2

First case: If k < 2,

f(ky=k*—3and li_rﬁf{x} = li_rﬁrﬂﬂ -3)=k*-3. Here,JIci_rﬁrslt fix) = fik)
Hence, the function f is continuous for all real numbers less than 2.

second case: Ifk = 2,f(2) =2 -3 =5

LHL = IILT_ flx)= JLI}‘l_[:IH —-3)=22-3=5

RHL = lim f(x) = Ilﬂ:}f(f +1)=22+1=5

Here at x = 2,LHL = RHL = f(2)

Hence, the function [ is continuous at x = 2.

Third case: If k > 2,

f(k)=k*+1and ii_r’rf:f(x] = JIri_I'Ij'E[x2 + 1) = k% + 1. Here, J]ci_r'rxltj"t[;l:}] = f(k)
Hence, the function f is continuous for real numbers greater than 2.

Hence, the function [ is continuous for all real numbers.

A _f Wxxl

12. Find all points of discontinuity of f, where f is defined by f(x) = {le x> 4

Solution:

_ x10—1, Ifx<1
Given function is defined by f(x) = L,z' Ifx =1

Let k be any real number. According to question, k < lork=1lork > 1
First case: If k < 1,
f(k)=k'"—1 and linilC fix)= Iin;.t (x'% — 1) = k% — 1. Here, linif{x] = f(k)
xX—+ xX—r X+
Hence, the function f is continuous for all real numbers less than 1.
Second case: Ifk =1, f(1) =11 -1 =10
LHL = lim f(x) = lim (x1°-1)=10
x—+1- x—+1-
RHL = 1 =l i o
Ny = Hm(x)

Here at x = 1, LHL # RHL. Hence, the function f is discontinuous at x = 1.
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Third case: If k > 1,
f(k) = k* and lim f(x) = lim(x?) = k*. Here, lim f(x) = f(k)
Hence, the function f is continuous for all real values greater than 1.

Hence, the function f is discontinuous only at x = 1.

x+5, Ifx<1 ;
13. Is the function defined by f(x) = [ ey Ifx>12 continuous function?

Solution:

. x + 5, Ifx<1
Given function is defined by f(x) = [ -5 Ifxe1

Let, k be any real number. According to question,k < lork=1lork =1
First case: If k < 1,

flk)=k+5and Jlri_lz.ril.t,f{xr) = Li_r&[x + 5) = k + 5. Here, ii_l;l;f[x] = f(k)
Hence, the function f is continuous for all real numbers less than 1.
Secondcase: Ifk=1,f(1)=1+5=6

LHL = xli_T—fEx} = xiinl'l_{r +5)=6

RHL = ;LT"'JF{X] = jﬂllh{;r =h =4,

Here at x = 1, LHL # RHL. Hence, the function f is discontinuous at x = 1.
Third case: If k = 1,

flk)=%k—>5and iiﬂftx} = Li_l'.l;t{x— h)=k—=5

Here, il_l;ll filx) = f(k)

Hence, the function f is continuous for all real numbers greater than 1.

Therefore, the function f is discontinuous only at x = 1.

14. Discuss the continuity of the function f,

3, Ifo<x<l1
where f isdefinedby f(x)=4{ 4 1fl<x<3
5 U3i=x<10
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Solution:

3, FO<x=<1
Given function isdefined by f(x)=4{ 4, Ifl<x<3
5 HKi=x=<10

Let k be any real number. According to question, k can be
D<k<lok=lorl<k<3ork=3or3<k=<10

Firstcase: If0 < k < 1,

f(k) =3 and :1_1_I|I:.: flx)= Li_.n;[:i} = 3. Here, JIrl_r.l;i f(x) = f(k)

Hence, the function f is continuous for 0 < x < 1.
Secondcase:ifk=1,f(1) =3

LHL = J}LT_]I:I_ fix) = Iiir{l_{E} =3

RHL = ,E."l"+ﬂﬂ — xllr=1+(4-] = 4,

Here at x = 1, LHL # RHL. Hence, the function f is discontinuous at x = 1.
Third case: If 1 < k < 3,

flk) = 4 and lim f(x) = lim(4) = 4. Here lim f(x) = f(k)

Hence, the function [ is continuous for 1 < x < 3.

Fourth case: If k = 3,

LHL = JLl}]_f(x} = IILT—H) = 4 and RHL = j_i.rgaf{x] = :tliril+{5} =
Here at x = 3, LHL # RHL. Hence, the function f is discontinuous at x = 3.
Fifth case: If 3 < k < 10,

f(k)=5and ii_l-r}cf{x] = LEI;{S} = 5. Here, chl—r-t:i flx) = f(k)

Hence, the function f is continuous for 3 =< x < 10.

Hence, the function f is discontinuousonlyat x = 1 and x = 3.

15. Discuss the continuity of the function f,

2x, Ifx <0
where f is defined by f(x) =} 0, fo<x<1
4x, Ifx>=1
Solution:
2x, Ifx<0
Given function is defined by f(x) = l 0, Ho<x<1
4x, Ifx =1
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Let k be any real number. According to question,
k<Qork=0or0<k=<lork=1lork>1
First case: Ifk < 0,

flk) =2k and ;Ici—'?:]c flx)= iim(ZX} = 2k. Here, Lﬂ”"} = fik)
Hence, the function f is continuous for all real numbers less than 0.
Second case:Ifk =0,f(0) =10

LHL = JLI'EJ‘.I_ flx) = Ili.r.?;l— (2x) =10

RHL = xILIE‘* Fle)= x1£%1+{ﬂ] = (. Here, Jlrl_rﬂ flx) = F(k)

Hence, the function f is continuous at x = 0.

Thirdcase: f0 <k <1,

f() = 0 and lim f(x) = lim (0) = 0. Here, lim f(x) = (k)
Hence, the function f is continuous at 0 < x < 1.

Fourth case: If k = 1,

LHL = IIH{'— fix)= xlir{l_[ﬂ} =0

RHL = ﬂmf{x] = I]Lr{gr{-‘lx} =4

Here, atx = 1, LHL #+ RHL

Hence, the function [ is discontinuous at x = 1.

Fifth case: if k > 1,

flk) = 4k and ll_@; Flx) = lim{-@x} = 4k.

Here, P—ﬂ filx) = f(k)

Hence, the function f is continuous for all real numbers greater than 1.

Hence, the function [ is discontinuous only at x = 1.

16. Discuss the continuity of the function f,

=l Ifx<-1
where f is defined by f(x) = ]2):. If -1<x<1
2, Ifx>1
Solution:
= IFx=<-—1
Given function is defined by f(x) = |Ex, [f—1=2txs1
Z, Ifx>1
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Let k be any real number
According to question, k < —lork=—-lor—-1<x=<lork=1lork >1
First case: If k < —1,
f(k)=—2and lim f(x) = lim(—2) = —2. Here, lim f{x) = f{k)
x—k x—k x—k

Hence, the function f is continuous for all real numbers less than —1.
Second case: Ifk = —1,f(—1) = -2
LHS = 1im flx)}= Mm (=2)=-2

x—=—1" =1
RHL = lim_ f(x) = lim (2x) = —2.Here, lim f(x) = f(k)

r—=—1* r——1t x5k
Hence, the function f is continuous at x = —1.
Thirdcase: f -1 <x =1,
flk) = 2k and lim f(x) = lim(2x) = 2k. Here, lim f(x) = f(k)

x—+k x—k =k

Hence, the function f is continuous at —1 < x < 1.
Fourth case: Ifk = 1,
LHL = lim f(x) = lim (2x) =2

X1 F A o
RHL = lim f(x) = lim (2) = 2. Here, lim f(x) = f(k)

r—1t =1t x—k
Hence, the function f Is continuous at x = 1.
Fifth case: If k = 1,
f(k) =2 and lim f(x) = lim{(2) = 2.

x—k x—ke
Here, iinl flx} = fik)
Yo

Hence, the function f is continuous for all real numbers greater than 1.

Therefore, the function f is continuous for all real numbers.

17. Find the relationship between a and b so that the function f defined by

ax+1, fx<3

flx)= Ehx +3 x> 3 is continuous at x = 3.

Solution:

ax+1, fx<3

Given functions is defined by f(x) = [bx +3 Ifx > 3

Given that the function is continuous at x = 3. Therefore, LHL = RHL = f(3)
= lim f(x) = lim f(x) = £(3)
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= limax+1=limbx+3=3a+1
x—=3" x—=3*

=3a+1=3b4+3=3a+1

= 3a=3b+2 :sa=b+§

2
Hence, the relationship betweenaand bisa = b+ 3

18. For what value of A is the function defined by

_(A(x2—2x), Ifx<0
ﬂ"}_{ 4x+1, Ifx>0

Continuous at x = 07 What about continuity at x = 1?7

Solution:

A(x2—2x), Ifx <0

Given function is defined as f(x) = [ 4x+1, Ifx>0

Given that the function is continuous at x = 0. Therefore, LHL = RHL = f(0)
= lim f(x)= lim f(x) = F{0)

=0 x—=0%
= lim A(x%—2x) = lim 4x+ 1= A[(0)% — 2(0)]

x—=0~ =0+

= A[(0)? —2(0)] = 4(0) + 1 = A(D)

50 ¥=1 :A=%

Hence, there is no real value of 4 for which the given function be continuous.
fx=1,

Al=41)+1=5 andii_rrrif{x} = ch]—r& 4(1) + 1 = 5. Here, ,!ciﬂﬂﬂ = f{1)

Therefore, the function f is continuous for all real values of A.

19. show that the function defined by g(x) = x — [x] is discontinuous at all integral points.
Here [x] denotes the greatest integer less than or equal to x.
Solution:
Given function is defined by g(x) = x — [x]
Let k be any integer
LHL =x]_if;1;1—ﬂx} =Jcllri1_x—[x] =k=E=T1=1
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RHL = xl_igLf[x} = Il_i.IF+ x—[xl=k—(k)=0,

Here, atx = k, LHL = RHL.

Therefore, the function f is discontinuous for all integers.

20. Is the function defined by f(x) = x? — sinx + 5 continuous at x = .

Solution:

Given function is defined by f(x) = x* —sinx + 5,

Atx=m f(m)=n*—sint+5=n*—-04+5=n%+5
lT%f(x}=lE?112—sinx+5=:Itz—simr+5=rr2—ﬂ+5=nz+5
Here, atx = H.lﬂf{x} = f(m) =n*+5

Therefore, the function f(x) is continuous at x = m.

21. Discuss the continuity of the following functions:
{a) f(x) =sinx + cosx
(b) f(x) =sinx —cosx

[c) f(x) =sinx.cosx

Solution:

Let g(x) = sinx

Let k be any real number. At x = &k, g(k) = sink

LHL = x]HE:I_ glx) = .JLT_ sinx = EE:I: sin(k — h) = E_I% sinkcosh —cosksinh =sink
RHL = Il_i,T+g{rj = xl-i-T+ sinx = Li_r;asin{k +h)= iﬂ sinkcosh+ cosksinh = sink
Here, at x = k, LHL = RHL = g(k).

Hence, the function g is continuous for all real numbers.

Let h(x) = cosx

Let k be any real number. x = k, h(k) = cosk

LHL = xl—l-IiIcl‘ h(x) = _x}-i.T— COSX = Jlai—r?:]i cos(k — h) = !:i_qacnsk cosh +sinksinh = cosk

RHL = lim h(x) = lim cosx = limcos(k + h) = limcoskcosh —sinksinh = cosk
x—k* x—kt h—0 ft—0
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Here, at x = k, LHL = RHL = h(k).
Hence, the function h is continuous for all real numbers.

We know that if g and h are two continuous functions, then the functions g + h, g — h and
gh also be a continuous function.

Therefore, (a) f(x) = sinx + cosx (b) f(x) = sinx — cosx and

{c} f(x) = sinx. cos x are continuous functions.

22. Discuss the continuity of the cosine, cosecant, secant and cotangent functions.

Solution:

Let g{x) = sinx

Let k be any real number. At x = k., g(k) = sink

LHL = x]EIIcl‘ gix) = zl—i-T- sinx = }11—1?:1: sin(k —h) = |lIti_r:'EIIsirl.T-a: cosh —cosksinh =sink
RHL = IJLT+ g(x) = J_IH;I+ sinx = ;li_r.ra sin(k + h) = LI_I}E sinkcosh + cosksinh =sink
Here, at x = k, LHL = RHL = g(k).

Hence, the function g is continuous for all real numbers.

Let h(x) = cosx

Let k be any real number. At x = k, h(k) = cosk

LHI = JLT_ hix) = x]lT- cosx = IEj_rﬁra cos(k — h) = }-l'_r,r.:l; coskcosh+sinksinh = cosk
RHL = .JLT“' hix) = Iliri1+ cosx = }ti_r.ra cos(k + h) =}1i_r.r1!I coskcosh—sinksinh =cosk
Here, at x = k, LHL = RHL = h(k).

Hence, the function h is continuous for all real numbers.

We know that if g and h are two continuous functions, then the functlnns%, h =+ D.%.h +0
andi.g # 0 are continuous functions.

Therefore, cosecx = ﬁ.siux # 0 is continuous = x + nm(n € £) is continuous.

Hence, cosec x is continuous except x = nm(n € Z).

1 {2n+1)m
SeCX = ——,C0sX # 0 is continuous. = x + (n € Z) Is continuous.
x
: . (Zn+ijm
Hence, sec x is continuous except x = — (n € Z).

COsx X
cotx = e ,5inx = 0 is continuous. = x = nm(n € ) is continuous.
X
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Hence, cot x is continuous except x = nw(n € Z).

sinx

—, Ifx <0
x

23. Find all points of discontinuity of f, where f(x) = {
x+1, fx=0

Solution:

il SR
X

Given function is defined by f(x) = {
x+1, Ifx=0
Let k be any real number. According to question, k < Qeork=00rk >0

Firstcase:Ifk < 0

sin k sinxy _ sink

flk) = == and lim f(x) = lim (=) = 3= Here, lim £(x) = f (k)

Hence, the function f is continuous for all real numbers less than 0.

Second case: Ifk =0

f(O=0+1=1

LHL =IIL|E1_f(x} =I|L_{I+ 1})=0+1=1

RHL = rILIaL Fla)= xl—i-%h +1)=0+1=1,

Here at x = 0, LHL = RHL = f(0). Hence, the function f is continuous at x = 0.
Third case: If k = 0

f(k)=k+1and }fiﬂf{x} = J!ri_.rl.;lm[;v:+ 1) = k + 1. Here, limf{x) = Fk)
Hence, the function f is continuous for all real numbers greater than 0.

Therefore, the function f is continuous for all real numbers.

24. Determine if f defined by

2o
x2 sin —, Ifx+10

f{x}:[ 0 Ifx=10

is a continuous function?

Solution:

xzsinJ—lc. Ifx+0

Given function is defined by f(x) = {
0 Ifx=10
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Let k be any real number. According to question, k = 0ork =10

Firstcase: Ifk = 0

_pZr 1 : e T Zeind) — 12 e 1 : s
flky==Fk sin and ll_lﬁl}t fix) = -E_I_l"l;lc (x sml) = k* sin & Here, .aIcI—I-I}c fix) = flk)
Hence, the function f is continuous for k =+ 0.

Second case: If, k = 0,f(0) =0
LHL = I I ( 1)—I' (2' 1)
= lim flx) = im_| x EIHI lim | x smx

| il
We know that, —1 < sm;i Lx=0 =—x? Esm;ﬂ x2

1
= ]1m[— 2y = hm sin— < lim x?
—+ X x—=0
o b 1
=2 0<limsin—<0 =limsin—=0 = lim x?sin—=0 = lim f(x)=0
x—+0 X x—0 X x—+0— X x-+0~

Similarly, RHL = llm Flx) = Ilm (x sm—) = 11m (;rz sin%) =8
Here, at x = 0, LHL = RHL = f(0)
Hence, at x = 0, f Is continuous.

Therefore, the function f is continuous for all real numbers.

25. Examine the continuity of f, where f is defined by

flx)=

sinx—cosx, Ifx# 0
-1, Ifx=10

Solution:

sinx —cosx, Ifx+10

Given function is defined by f(x) = [ 1 Ifx=0

Let k be any real number. According to question, k = 0ork =0
Firstcase: ifk +0,f(0)=0—-1=-1

LHL = kl_lﬁIé‘l_ fix) = kELTE;I_(SITI.X’ —cosx)}=0—-1=-1

RHL = ;EILIEHF{XJ = kILTJsmx =g} ==12=%

Hence, at x # 0, LHL = RHL = f(x)

Hence, the function f is continuous at x + 0.

Second case: If, k = 0, f(k) =—

and }cllll fix)= chl_r}l{—l] = —1 Here, chl_r.r% flx) = f(k)
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Hence, the function f is continuous at x = 0

Hence, the function f is continuous for all real numbers.

26. Find the values of k so that the function f is continuous at the indicated point.

k cos x T

nm—2x " If x :'&E o

flx) = g atx =7
3, Ifx o E

Solution:
kcosx i o
et WX 3 i
Given function is defined by f{x) =™ "3 i patx==
[ X=—=
2

Given that the function is continuous at x = % Therefore, LHL =RHL = f G)
4 * n-
= lig () = Tim, £() = £ (3)
z T

~ kcosx kcosx
= lim = lim —=
W —2x ntw—2x
E s

oy T kcus[%—h]l = Tt k ms{ﬁ%m} _3
h—0 n—Z{E—h] h—0 n—z[?h]

o ksinh_ll —k.sinh_3
RS0 2R A=d —2h

kK k . sinh
=—=—=13 [ lim 228 = 1]
z 3 h—D h

=2k=6

Hence, for k = 6, the given function f is continuous at the indicated point.

27. Find the values of k so that the function f is continuous at the indicated point.

B kx?, fx<2
f["}_[a, e o Re=4

Solution:

kx? Ifx <2

3, lEe o AR

Given function is defined by f(x) = [
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Given that the function is continuous at x = 2.
Therefore, LHL = RHL = f(2)
= lim f(x) = lim f(x) = f(2)
= lim kx? = lim 3 = k(2)?
x—=2- r—2*
=4k =3 =4k
:b-k::1
4

3
Hence, for k = Y, the given function f is continuous at the indicated point.

28. Find the values of k so that the function f is continuous at the indicated point.

- kx+1, fx=m =
JlrExj‘_%-:us;vr:, Hisn """
Solution:
. ! kx+1, Ifx<mn _
Given function is f(x) = {cnsx. e % i atx=n

Given that the function is continuous at x = m,
Therefore, LHL = RHL = f(m)
= lim f(x)= lim f(x) = f(r)

X=Tr x—=nt

= lim kx+ 1= lim cosx = k(m) + 1
X— X—¥™

= kin)+1=cosr=kr+1

2kt 1l=—"1=kn+1

=k = —2
=b-k=-—E
b
Hence, fork = —%, the given function f is continuous at the indicated point.

29. Find the values of k so that the function f is continuous at the indicated point.

kx+1, Ifx<5
“x}=fax_5. v s A=
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Solution:

kx+1, [fx <5

Jp -8 Afsy BE=D

Given function is defined by f(x) = [

Given that the function is continuous at x = 5.
Therefore, LHL = RHL = f(5)

= lim f(x) = lim f(x) = £(5)
=sxtj!%1_kx+ 1= 1:[1!;1"‘ Jx—5=5k+1
=5k+1=15—-5=5k+1

=>5k="9

=

9
5

Hence, for k = E_. the given function f is continuous at the indicated point.

30. Find the values of a and b such that the function defined by

5, fx<?2
ax + b, IF2 = x+ 10
21, Ifx =10

flx)=

is continuous function.

Solution:

K Ifx=32
ax+h IF2<x< 10
21, Ifrx=10

Given that the function is continuous at x = 2. Therefore, LHL = RHL = f(2)

= lim f(x) = lim f(x) = f(2)

Given function is f(x) =

= lim5= limax+b=>5
x—=2- x—=2+

= 2a+b =5 ..
Given that the function is continuous at x = 10. Therefore, LHL = RHL = f(10)
> lim_f(x) = lim f(x) = f(10)

= lim ax+b= lim 21 =21
x—=10- x—=10%

= 10a + b =21 ..[(i)
Solving the equation (i) and (ii), we get
a=2 b=1
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31. show that the function defined by f(x) = cos(x?) is a continuous function.

Solution:
Given function is defined by f{x) = cos(x?)

Assuming that the functions are well defined for all real numbers, we can write the given
function f in the combination of g and h(f = goh). Where, g(x) = cos x and h(x) = x?2, if
g and h both are continuous function then f also be continuous.

[+ goh(x) = g(h(x)) = g(x*) = cos(x?)]

Let the function g(x) be cosx

Let k be any real number. At x = k, g(k) = cosk

Jll_l_l"li g(x) = il_.n_u].': Cosx = }11 cos(k + h) = }Elj coskcosh —sinksinh = cosk
Here, J!clﬂ g(x) = g(k). Hence, t\he function g is continuous for all real numbers.

And let the function A(x) be x2

Let k be any real number. At x = k, h(k) = k*

1_I_I"Iﬁ hix) = J1{1_r|ri||c x B gt

Here, E_I_I"I}I‘: h(x) = h(k). Hence, the function h is continuous for all real numbers.

Therefore, g and h both are continuous function. Hence, f is continuous.

32. show that the function defined by f(x) = |cos x| is a continuous function.

Solution:
Given that the function is defined by f(x) = |cos x|

Assuming that the functions are well defined for all real numbers, we can write the given
function f in the combination of g and h(f = goh). Where, g(x) = |x| and h(x) = cos x. If
g and h both are continuous function then f also be continuous.

[ goh(x) = g(h(x)) = g(cos x) = |cos x|]
Let the function g(x) be |x|
Rearranging the function g, we get

_{—= Ifx <0
gm_{ x. Ifx=0

Let k be any real number. According to question, k < Oork=00rk >0
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Firstcase: Ifk < 0,

g{k)=0and l_l_l'.l} gix) = J151_1:2{—::(] = 0, here, .!rI—IE gix) = g(k)
Hence, the function g is continuous for all real numbers less than 0.
Secondcase: ifk =0,g(0)=0+1=1

LHL = Illlgl_ glx) = I'Iilal_(—x} =10

RHL = IILI‘%L glx) = JHE.L (x) =10,

Here at x = 0, LHL = RHL = g(0)

Hence, the function g is continuous at x = 0.

Third case: If k = 0,

g(k)=0and li_r.[}rgl:_.r} = lim{x] = (. Here, ii_I'IE.:g(x} = g(k)

Hence, the function g is continuous for all real numbers greater than 0.
Hence, the function g is continuous for all real numbers.

And let the function h(x) be cos x

Let k be any real number. At x = k. h(k) = cosk

l_l_l"l.?t hix) = Jl{l_l:ll cosx = cosk

Here, EI_I"I}I( hi{x) = hik). Hence, the function h is continuous for all real numbers.

Therefore, g and h both are continuous function. Hence, f is continuous.

33. Examine that sin|x| is a continuous function.

Solution:
Let the given function be f{x) = sin|x]|

Assuming that the functions are well defined for all real numbers, we can write the given
function f in the combination of g and h(f = hog). Where, h{x) = sinx and g(x) = |x|. If
g and h both are continuous function then f also be continuous.

[+ hog(x) = h(g(x)) = h(Jx]) = sinjx]]

Function h(x) = sinx

Let k be any real number. At x = k. h(k) = sink

:!_I_I"Ii hix) = il_l:l": sinx = sink

Here, _{_I_IR hix) = hik).Hence, the function h is continuous for all real numbers.
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Function g(x) = |x|
Redefining the function g, we get

—x, Ifx <0
gm_[ x, Ifx>0

Let k be any real number. According to question, k < Qork=0o0rk >0
Firstcase: Ifk < 0,

g{k)=0and l_l_l'.l} gix) = }fi_l:ll{—x] = 0. Here, iiﬂg(x} = g(k)
Hence, the function g is continuous for all real numbers less than 0.
Secondcase: ifk =0,g(0)=0+1=1

LHL = 1-|L1— glx} = xl—i-lcrpl- (—x) =10

RHL = xILIE" gix)= JLT+{X} =1

Here at x = 0,LHL = RHL = g(0)

Hence at x = 0, the function g is continuous.

Third case: If k = 0,

g(k)=0and JIrl_r.ré gix) = J1:i_r.ri||=[:ar] = (. Here, ii_I'Iiltg{x} = g(k)

Hence, the function g is continuous for all real numbers greater than 0.
Hence, the function g is continuous for all real numbers.

Therefore, g and h both are continuous function. Hence, f is continuous.

34. Find all the points of discontinuity of f defined by f(x) = |x| — |x + 1].

Solution:

Given that the function is defined by f(x) = |x] — [x + 1]

Assuming that the functions are well defined for all real numbers, we can write the given
function f in the combination of g and h(f = g — h), where, g(x) = |x| and h(x) =
|x + 1|. If g and h both are continuous function then f also be continuous.

Function g(x) = |x]|
Redefining the function g, we get,

—X, Ifx<0
g(x) =[ x, Ifx=0

Let k be any real number. According to question, k < Qork=0o0rk >0

First case: If k < 0,
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glk)=0and Jlrl_r.r;‘E glx) = Jlti_r|ri|lc{—r.:] = 0. Here, li_r&g(x} = g(k)
Hence, the function g is continuous for all real numbers less than 0.
Secondcase:ifk=0,g(0)=04+1=1
LHL = JLI'E_Q{.I’) = Illral_{—x) = 0 and RHL = xliral+g[x} = IIHLL[:() =0
Here, at x = 0, LHL = RHL = g(0)
Hence, the function g is continuous at x = (0.
Third case: If k > 0,
g(k)=0and J[_I_I:lﬂ glx) = JlL_i_r|r*|C|[:r] = 0. Here, Eﬂ‘g(x} = g(k)
Hence, the function g is continuous for all real numbers more than 0.
Hence, the function g is continuous for all real numbers.

Function h(x) = |x + 1]

Redefining the function h, we get

_ =¥k} fx<-—1
hm_{ x+1, Ifx=-1
Let k be any real number. According to question, k < —lork=—1lork = -1

First case: If k < —1,

h(k) = —(k + 1) and il_r’r}: h(x) = J!_.'_r.rﬁ —(k + 1) = —(k + 1). Here, J1{1_1.1;: h(x) = h(k)
Hence, the function g is continuous for all real numbers less than —1.
Second case: Ifk =—1,h{(—-1)==-14+1=10

LHL = IEI—III_ hix) = x!ix_nl_ =i=111)=08

RHL = xEr_ri+ hix) = IHI_I}H(:: +1)=—14+1=10

Here at x = —1, LHL = RHL = h(—1)

Hence, the function h is continuous at x = —1.

Third case: If k > —1

h(k)=k+ 1and LI_IE h(x) = }cilrﬁ(_k + 1) = k + 1. Here, ;lrl_l:ll h(x) = h(k)
Hence, the function g is continuous for all real numbers greater than —1.

Hence, the function h is continuous for all real numbers.

Therefore, g and h both are continuous function. Hence, f is continuous.
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Exercise 5.2

1. Differentiate the functions with respect to x

sin(x? + 5)

Solution:
Let ¥ = sin(x? + 5)
Therefore,

a2 2 4.2
rII—-:c:rs(x +5).HII:J£’ +5)

= cos(x® 4+ 5).2x

d{sin(x2+5))

= 7
i = cos{x“ +5).2x

Hence,

2. Differentiate the functions with respect to x

cosl(sinx)

Solution:

Let ¥ = cos(sinx)

Therefore,
dy. i ; .
i 5|n{51nx}.dxtsmx}
= —sin(sinx).cosx
d({cas(si -
Hence,w = —gin(sinx).cosx.

x

3. Differentiate the functions with respect to x

sinfax + b)

Solution:
Let v = sin{ax + b)
Therefore,

dy i
5 cos(ax + b). 3 (ax + b)

25
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= coslax+ b).a

Hence —mm’:l“b]} = cos(ax + b).a
X

4. Differentiate the functions with respect to x

sec(tan{ﬁ )}

Solution:

Let y = sec{tan{m]

Therefore,
i
ﬁ = sec(tan vx) tan[tan\ff}.% (tan+/x)
d
2
sec(tan ﬁ} I:an{tan vx).sec?x = {ﬁ]
sec(tanyx) I:an[tan vx).sec? “E(z‘_'?)
S

Hence JM sec[tan\,"'_}tan(tanm sec” (21,.' )

ix

5. Differentiate the functions with respect to x

sin(ax+b)
cos(cx+d)

Solution:

sinfax+b)

e = cos(cx+d)

Therefore,

d . ; d
d}.l cos(cx + d}.ﬁsm[ﬂx + b) — sin{ax + b}.ﬁcus{fx +d)

dx [cus(cx + d)]?
cos(cx + d). sin{ax + bj (ax + b) — sin{ax + b). |—sin({cx + d} (cx +d)
- ros?(cx + d)
__ cos(ex+d)sinfax+b)la+sin(ax+b)sinlex+dic
a cos2(ex+d)
{5J|:-;ﬂ.1f+tl:-]| ( d) 4 ( b) Y ( b) ~ ( d)
cosicxad)) _ Cos{cr+d)sin{ax+b)a+sinfax+b)sinfcx+d)c
SEnaR; dx il cosi(cx+d)
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6. Differentiate the functions with respect to x

cos x2. sin?(x%)

Solution:
Let ¥ = cosx>.sin®(x%)
Therefore,

ay _ 3 d . 2,5 . 2.5y G 3
<, = cosx®.——sin (x?) + sin“{x”). S cosx

cos x3. 2 sin x°

= cosx>.2sinx” cosx°.5x* — sin?(x°) sinx?. 3x?
d(cosx* sin?(x5))

dx

= cosx>. 2 sinx®

Hence,

7. Differentiate the functions with respect to x

2./ cot(x?)

Solution:

Let y = 24/ cot(x?)

Therefore,

s .t A z

de 'Zwmldx[cat(x )]
1

d
=————.[-cossecx?].—x?

 cot(x?) dx

=—L [~ cossecx?].2x

\.-'cm[xz]‘
d[?._-'ml:[xz]} ;
Hence = .[— cossecx?]. 2x
! dx Jeot(x®) [ ]

8. Differentiate the functions with respect to x

cns[w.-'?]
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Solution:
Llety = cus{v‘rf]
Therefore,
dy . d
Y sin(v¥). 2 Vx
; 1
= — Slﬁ{m.ﬁ
Hence, d(cos(vx)) — sin(ﬁj.#—
dx 2vx

9. Prove that the function f given by f(x) = |x — 1|, x € R, is not differentiable at x = 1.

Solution:
Atx=1,
1—h)—f(1 1—-h—-1]-J1-1 h
LHD=limf|: )~ 1( ]=Iim| |- |=Iim—=—1
h—0 —h h—0 —h h—0—h
h—0 f hi—=0 h h—0 h

Here, LHD # RHD, therefore,

the function f(x) = |x — 1|, x € R, is not differentiable at x = 1.

10. Prove that the greatest integer function defined by f(x) =[x],0<x <3, is not
differentiable atx = 1 and x = 2.

Solution:
Atx =1,
1—-h}—f(1 1-h]—]1 0-—1
LHD = lim f( ) - ) = FimM = lim =:oa
h=0 —h h—0 —h h—=0 —
1+h)—Fl(1 1+ h]—-11 1-1
RHD = lim A 1)~ f(1) = Iimﬁ = lim =1
h—0 h h—0 h h—0 h

Here, LHD # RHD, therefore,
The function f(x) = [x].0 < x < 3, is not differentiable at x = 1.

Atx =2,
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f(1—h)—f(1) E—-hl-={2] .. 1-—2

LHD = im o = i = i
14+h) - f(1 2+ h]—-[2 2-32
AR i e 150 ROV el ol T BT S N
h—0 h h—0 h h—0 h

Here, LHD = RHD, therefore,

The function f(x) = [x],0 < x < 3, is not differentiable at x = 2.

Exercise 5.3

v ;
Find o the following:

1. 2x1+3y=sinx

Solution:
Given equation is Z2x + 3y = sinx

Differentiating both sides with respect to x, we get
d o— d — d .
E{ x) E( y}—asmx

d
=2+3-C=cosx
fx

dy cosx-2
dx ~ 3

2. 2x+ 3y =siny

Solution:
Given equationis 2x + 3y = siny

Differentiating both sides with respect to x, we get

d d =L ) dy
H{ZIJ +E{3y) = _siny =2+ 3dr— cosy_—

dy . L
:E(ms;f 3)=2

d 2
=2 =
dx cosy-3
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3. ax+by’=cosy

Solution:
Given equation is ax + .E:rj.-'2 =Ccosy

Differentiating both sides with respect to x, we get

d L e S
E{ax} +E{b}' A Cosy =a+ Ebyﬂr s gl

dy T L oy
= dx (Eb}? *: SIH}I‘) Pt BF dx ~ Zby+siny
4. xy+y2 =tanx+y
Solution:
Given equation is xy + },2 =tanx +y
Differentiating both sides with respect to x, we get
d d 2y _4d 4
E{xy] +EU V= fIxt;mx+ 5
:bxd_x+y+2ydx sec x—i—dx
>y +2y—1)=sec?x—y

dx
= dy = sect x—y

dx x+2¥—1
5. x2+xy+y®=100
Solution:
Given equation is x* + xy + y* = 100
Differentiating both sides with respect to x, we get
d d d d

2 2
—x"+—{xy)+—y° =—1(100
dx d'x{ y) r:!':r:J'r a'x( )
gy LS

=>2;r+xﬂx+y+2ym_—l}

dy _ :!_1, _ 2x+y
ﬂa(x+2y]| =2x+ty = e iy

30 www.vikrantacademy.org
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6. x> +x?y+xyi+y*=81

Solution:
Given equationis x* + x’y + xy? + y?* =81
Differentiating both sides with respect to x, we get

d 4 d 4 d 3 d " i)
— gt — +— +—y* =—B1
r:!'xx dx ("y) dx (xy") dx y dx

2 4 z24Y ay 4 2 ot
= 3x“+x tht+j.r.2:x+::r.2;.rdx+}f 1+ 3y G 0

ﬂ:—i(xz +2xy+3y2) = —(3x2+ 2xy +y?) ==

dx

7. sinfy+cosxy=k

Solution:
Given equation is sin’ y + cosxy = k

Differentiating both sides with respect to x, we get

4oy d d
1 Sin y+drm5xy—dxk

ﬁZsinycusy:—i—sinxy(x:—i+}')= 0

— ] . dy :
=>5|n2ya—xsmxya—ysmxy=l}

= (sin2y — xsin xy}:—“: = ysinxy

dy ysinzy

= e
dx Sin2y—xsinxy

8 sinx+cosify=1

Solution:
Given equation is sin® x + cos®y =1

Differentiating both sides with respect to x, we get

g W, b
d'xsmx dICDS _}"—dx

= 2sinxcosx+ 2cosy (— sin}*}% =0

31
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dy  sinlx

, 1 dy
= sin 2x smEydI—D i B

. —1f 2%
9. y=sin (1”2)

Solution:

Zx
Given equation is y = sin™! ( )
q y 1+x2

let x = tan @

2tan@
1+tan @

Therefore, y = sin_i( ) =sin"(sin268) =28 = 2tan 'x

Sy=2 "%

Differentiating both sides with respect to x, we get

dy 2
dr ~ 1+x2

ar-x? 1
S s

- -1
10. ¥y = tan ( 75

wal=

Solution:

- z | — 31'—.1:3)
Given equation is y = tan (1_312

letx =tan@

3 tan 8 —tan® HJ

gaanl
Therefore, y = tan ( e

=tan Ytan38) =36 = 3tan ' x

=y=3tan lx
Differentiating both sides with respect to x, we get

dy 3
de = 1+x2

— l—xz)
11. y = cos (1+x1 D <x<1

32
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Solution:

: s A
Given equation is y = cos (1+x2)

letx = tan @

1—ran'~’9)

= -1
Therefore, y = cos (1+tan2£‘

=cos Ycos26) =260 =2tan"'x
=y=2tan lx

Differentiating both sides with respect to x, we get

dy. . 2
de = 14x2
T
12. y =sin 1(1:2).[} <x<1
X
Solution:

1-x2
- . - == T _1
Given equation is ¥y = sin (1”2)

let x = tan @

Therefore,

R (1—!:3:129)
Al 1+tan? g

e M i —1 L St PR T S i -1
= gin” " (cos 28) = sin [sm(2 25)] = 28 = ; 2tan” ' x
=>y=§—2tan‘lx

Differentiating both sides with respect to x, we get

ay 2 2

de 1422 14x2

13. y = cos ™1 ( s

) —1<x<1

Solution:

Given equation is ¥y = cos™! (z_x)
1 y= 1+4x2

letx = tan &

_ cos—1 (28
Therefore, y = cos (1+ta:!29

i3 www.vikrantacademy.org
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= cos” (sin 26) = cos™! [{'DS E— ZH)] = %— 28 = %— 2tan”!

:;y:%—ztan‘lx

Differentiating both sides with respect to x, we get

dy 2 2

ix _-1+x1-_ _-1+x2

14. y = sin~}(2xv1 —12] X e

iy, 23
VZ VZ

Solution:

Given equationis y = sin_l[me]

Let x =sin @

Therefore, y = sin‘l(ZSinﬂm]

= sin ' (2sinf cosf) = sin }(sin28) = 26 = 2sin 'x

=y=2sin"1x

Differentiating both sides with respect to x, we get

dy 2
dx vi-x*

1
2xri—

15.y=sec“( ).El::x::i_
1 V2

Solution:
Given equation is y = sec™?! (;)
q y= 2x2—1

Let x = cos @

Therefore, y = sec™! (;) = ga¢t ( . )

2eosfd—-1 cos 28
sec !(sec26) =20 = 2cos ' x

1

Sy=2cos 'x

Differentiating both sides with respect to x, we get
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Exercise 5. 4

1. Differentiate the following w.r.t. x:

EI
sinx

Solution:

y e*
Given expression s —
Sinx
'E.I
Let y = therefore,
sinx

d o ; :
dy  e‘grsinx-sinxze®  o* cosx-sinx.e”

dx sind x sinf x

3. Esiu“ x

Solution:

5 . {1
Given expression is g5~ ¥

=1
Let y = 5" ¥ therefore,

dy Tt TS (RS in—1 1
¥ __ sin * _cin 1I=E£li‘| x

idx dx Vi—x2
3. e

Solution:
= E]
Given expression is e*

lety = e*’, therefore,

dy 3 d 3 3
— =% . —x? =% .3x? = 3x2e*
dx dx

__ e¥{cosx-sinx])
- sin? x

35
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4. sin(tan~!le ™)

Solution:
Given expression is sin(tan™ ™)

Let ¥ = sin(tan™! e ™), therefore,

dy

VIKRANTADAD=MY"

i d

2F -1 —xy & =1 5% — -1 5—x L=
i cos(tan™" e }'dx tan™' e ™ = cos(tan™' e ]'1+[e-1}2'dxe
- B I 1 _—xy _ & *cos{tan"1e™¥)
=cos(tan™ " e ]'1+e-21'( e Sy
5. log(cose™)
Solution:
Given expression is log(cose™)
Let ¥y = log(cose™),
Therefore,
|:!__‘|.-' — : i == —_— 1 X i X pr i X X
e g g CUS € LS ) o= = tanet.e
6. e +e* +onter
Solution:
Given expression is e* + ex’ 4 gt
lety=e*+ eX +eX 4e* 4e*  therefore,
dy  _x 2 d 3 ¥ d. g 4 d 4 = 4d 5
= ol e +e X +.& =X +i X
=—e*+e* . 2x+e* .3x2 +e* . 4x? + % .5x*
=e¥ 4+ 2xe* +3x%e* +4x%e™ 4 5x'e™
7. evE,x >0
16 www.vikrantacademy.org
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Solution:

Given expression is v e¥*, x > 0

Let vy =+ eVx

VIKRANTADAD=MY"

Therefore,
Yok oy 1 ol P o R B L L
dx 5 fpVEdx 24/ o VE dx 3y avE 2x 44/

8. log(logx),x>1

Solution:

Given expression is log(logx), x > 1

X
L= ginx
Therefore,
dy _ 1 d - 3. 1
fIx_Jth.x'dx[ gX logx x_xlcrgx
cos
9, = x>0
log x

Solution:

2 oS x
Given expressionis— ., x = 0
logx

d i
dy _ tugxﬁmn ::us:calugx "

: 1
logx.i— smx}—u:ns.r.;

_ —lxsinxlogx+cosx)

Therefore, — =
* dx (logx}?

10. cos(log x + e*)

Solution:

Given expression is cos(logx + e*)

+ ™y +

ictice more on Continuity and Differentiability
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Let ¥y = cos(logx + ™)

Therefore,

VIKRANTADAD=MY"

d_y__ i x i Xy — —cj xy (L x
== sin(logx +e }.dx(lugx+e )} = —sin(logx + e }.(x+e ]

Exercise 5.5

1. Differentiate the functions given

COS X.COS 2x.cos 3x

Solution:
Given function is cos x. cos 2x.cos 3x
Let y = cos x.cos 2x. cos 3x, taking log on both the sides

log y = logcosx + log cos 2x + log cos 3x

Therefore,
1dy 1 d d d
ydxr  cosxdx s +cnszx'ritcﬂs Zx + cogdx dx o 3x
dy _ 1 ) 1 ¥ - 1 y .
1 = Y logeg- (7 sinx) + ———.(—sin2x).2 + ———.(—sin 3x).3
d
=5'd—y=CDSX.EDSEI.CDSSI{—tEﬂI—Etﬂﬂzx—3t3n3r]
X

2. Differentiate the functions given
(x—1)(x—2)
(x=3)(x—4)(x-5)

Solution:

(x—1}(x-2)
(x—3}x—4)(x-5)

- (x—1)(x—2)
lety = Y Y T taking log on both the sides

Given function is

logy = ;[Eog(x — 1) +log{x — 2) —log(x — 3} — log(x —4) — log(x — 5]]

33
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Therefore,
lﬂ_l[ 1 1 ® % ]
vidx ~ 2lx-1)  [(x-2) (x=3) (x—4) [(x=5)

2 (x—1){x—2) [1 I e NeN. T 1]
dx — Zaf(e-3)(e-4)(x-5) Lix-1)  (x-2) (x-3) {(x—4) (x—5)

3. Differentiate the functions given

}Cﬁsx

(log x

Solution:

Given function is (log x)s*

Let ¥y = (log x)"®*¥, taking log on both the sides

log y = log(log x)**** = cos x.loglog x

Therefore,

. SRV 1 a4

Y msx.dIIag log x + loglog x. o, Cos X
dy _ 11 Y. :

==Yy [cnsx.—mgx.x+ loglogx.( snu]]

- z_}-' = (log Ingx [cos;r—smxlng Iagx]
X

xlogx

4. Differentiate the functions given

X% — gsinx

Solution:

Given function i x* — 25In¥

Let u = x* and v = 2%in= therefore, y=u—v

Differentiating with respect to x on both sides

dy _du_2¢ )
idx de  dx

Here, u = x¥, taking log on both the sides

39
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logu = x log x, therefore,

1 du d d 1
g X.Elugx + lngx.Ex = x.;+ logx.1=1+logx
du

ol u[l +logx] = x*[1 + logx] ...[ii}
X
and v = 25"% taking log on both the sides

log v = sin x log 2, therefore,

1

!
de—lug}ﬁsmx =log2 cosx

:—:= v[cosxlog2] = 25" [cosx log 2] ...(iii)

Putting the value ﬂf%fmm (i) and% from (iii} in equation (i), we get

s x*[1 + logx] — 25" *[cos x log 2]

[ix=

5. Differentiate the functions given
(x +3)%.(x + 9% (x + 5)*

Solution:
Given functionis (x + 3)%. (x + 4)*. (x + 5)*
Let ¥ = (x + 3)%. (x + 4)*. (x + 5)*, taking log on both the sides

logy =2log{x + 3) + 3log(x + 4) + 4log(x + 5)

Therefore,
1dy _ 1 1 1
ydx = T (x+3) "[x+4) "[x+5]

dy 2x+4)Mx+5)+3(x+3Mx+5)+4x+3x+4)
By e

dx~ 7 (x+3)x+Dx+5)

dy 2(x?+9x+20)+3(x? 4+ 8x+15) +4(x2 + Tx + 12)
_—=

dx (x+3)(x+4)(x+5)

dy _ 2. 3. 4 [M]
= =@+3) - (x+4)7-(x+5) (x+3)(x+4)(x+5)

== (x+3) (x +4)?- (x +5)3(9x% + 70x + 133)
X

6. Differentiate the functions given
x i
(x + i) + x{“ﬂ
I
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Solution:
1y* 1)
Given function is (x + ;) + x{Hx}

1y (1)
Letu = [:x +;) and v =x" x/ therefore, y =u+v

Differentiating with respect to x, we get

dy _ du  dv
dx  dx (1)

X
Here, u = (x + i) , taking log on both the sides

logu = xlog (x + 1), therefore,
X

12t g s +2) oa(c+3)- &
:x-{xii}-(l—x—u+lag(x+1) 1= ;:1 (x+i)

X ~
2o (x +%) [’:2+1 +log(x +i)] . i)
and v = I{1+i}. taking log on both the sides

logv = (1 + i) log x, therefore,

- et )20 o
v _ [(x +1) A I.ugx _ (143 { x? 41— 1'5'5"] (i)
tx

Putting the value ufﬁfmm (i} and Er.r from (iii} in equation (i), we get

L (x +1)x [I%_l 4 h:lg(x + %)] + x(“',%} {r_zﬂ‘alﬂtir]

dx x 241 x

1. Differentiate the functions given

(logx)* + x'08x

Solution:
Given function is (log x)* + x'°8*
Let u = (logx)* and v = x'°8%, therefore, y = u+v

Differentiating with respect to x, we get
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Practice more on Continuity and Differentiability Call: +91- 9686 - 083 - 421




VIKRANTADAD=MY"

dy _du v o
de  dx dx [:I

Here, u = (logx)™*, taking log on both the sides

logu = xloglog x, therefore,

1du d d

PP x.Eluglngx+ Euglagx.ﬁx

= 1+I 1 1= : + logl
_x'tagx'x oglog x. = oglogx
du 1+logx.loglogx

— = (logx}* = e ]

dx logx

= (logx)* (1 + log x.loglogx) ..{ii)
and, v = x'°8*, taking log on both the sides

log v = log x log x, therefore,

1dv d d
-3 = legx.——logx + logx .——log x

1
= logx.— 4+ log x.—
ogx.—+logx.—

d 21 21 =
—=v [%] = xlo8x [%] = x"98*"1(210gx) ..({iii)

dx —

Putting the value of:—:frum (ii) and% from (iii) in equation (i), we get

:—ﬁ = (logx)* (1 + log x.loglog x) + x'°6*~1(2 log x)

8. Differentiate the functions given

(sinx)* + sin~!yx

Solution:
Given function is (sin x)* + sin™! yx
Let u = (sinx)* and v = sin~! Vx, therefore, y = u + v

Differentiating with respect to x, we get
dy _du | dv
de  dx dx {I:I

Here, u = (sinx )", taking log on both the sides

log u = x log sin x, therefore,

mu—x . logsinx + logsinx g,r
wdx dx & & “dx

1
=x.——.cosx + logsinx.1 = xcotx + logsinx
sinx
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:—: = (sin x)*(x cotx + logsinx) ..[ii)

and, v = sin~! y/x, therefore,

1% logx.—logx + logx.—I
——- =logx.——logx + logx.——log x

1 1
= Iugx.;+ Ich.;

de _ 1 d 1 1

H_ Vi—x dx

1 .
o = e e

VIKRANTADAD=MY"

Putting the value ﬂf%fmm (i) and% from (iii} in equation (i), we get

ay _ e x : !
s (sinx)*{x cotx + logsinx) + o

9. Differentiate the functions given

xsl:nx 4 (Sinx)fﬂsx

Solution:

Given function is x5I"¥ 4 (sin x)t05*

sinx

letu=x and v = (sin x)“°** therefore, y = u +v

Differentiating with respect to x, we get

dy _du_ dv

dx ~ dx dx (1)

Here, u = x51"*, taking log on both the sides

logu = sin x log x, therefore,

du -
udx

di giny [Sinx
—_— =X —_—
dx x

and v = (sinx)*?%%, taking log on both the sides

log v = cos x log sin x, therefore,

1dv d

1 d ay. s i 1 sinx
——=sinx.—logx + logx.—sinx =sinx.—+ logx.cosx =——+ logxcosx
o ix & B dx X B x B

+ logx r:usx] = x*"*I(ginx + xlogx cosx) ..{ii)

: 5 d 1 ; ?
-——=cosx.—logsinx +logsinx.—cosx = cosx.——cosx + logsinx({—sinx)

irdx dx dx

idx

i ’ . e . 5 .
— = p[cos x cot x — sin x log sin x] = (sin x)°°S*(cos x cot x — sin x logsinx) ..(iii)

d d
Putting the value ufﬁ from (ii) and d—t; from (ii) in equation (i), we get

dy
dx

43
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10. Differentiate the functions given

F4
xcosx 4 ¥ +1

X :
i1

Solution:

" i xcosx 4 X141
Given function is x ¥ o

x'+1
<i_; therefore,y = u+v

Let u = x*%%X gnd v =

Differentiating with respect to x, we get

s T

dex ~ dx  dx A1)

Here, u = x*“®** taking log on both the sides

logu = xlog x, therefore,

1du d d 1 :
——=xcosx.—logx +logx.—xcosx=xcosx.—+logx.(—x.5inx + cosx
udx dx & & fdx x g ( }

=cosx —xsinxlogx +cosxlogx

du ]
= u[cosx — xsinxlog x + cos x log x]
x

= x*“*[cosx —xsinxlogx + cosxlogx] ..[i)

2
and v = H taking log on both the sides

logv = log(x? + 1) —log(x?® — 1), therefore,

1dv _ 1 g1 . e 2r(x?—1)-2x(x®+1) _ —4x
vdxr x4+l 211 T -1 D
d [ —dx i1 —dx 4x .
il _ = =— 3 5 e T {ill}
dx L+ nixi-1] — 2%-1 lixdvaiix-1) (x2-1)

Putting the value ﬂf%fmm (ii) and% from (1ii) in equation (i), we get

4x

ay _
(x2-1)?

= x***[cosx —xsinxlogx + cosxlogx] —

11. Differentiate the functions given

1
(xcosx)* + (xsinx)x

Solution:
2
Given function is (x cos x)" + (x sin x)x

1
Let u = (x cos x)* and v = (x sinx}x, therefore, y = u+ v
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Differentiating with respect to x, we get

dy _ du | dv
dr  dx dx

()
Here, u = (x cos x)*, taking log on both the sides

log u = x log(x cos x), therefore,

1 du d d
S P x.alug(x cosx) + log(x cos x}.ax
1
= x.m(—xsmx +cosx) +log({xcosx).1 = —xtanx + 1 + log(x cos x)
du
o (x cosx)*[1 — x tan x 4 log(x cos x)]
x

= (xcosx)*[1 — xtan x + log(x cosx)] ..{ii)

1
and, v = (x sin x)x, taking log on both the sides
logv = :—clug{x sinx), therefore,

ldv 1 4 d 1

e ;.Elng{x sin x) + log(x sin x}.a;

=12 (xcosx+sinx)+ log(x sinx) (—i)

x xsinx x2

x2

dv  [xcotx+1-— log(x sinx)
dx ¥

x cot x+1—log{x sin x)

o i) [ ..{ii)

xd
Putting the value uf:i—:fmm (i} and % from (iii} in equation (i), we get

dy

E=

xcotx+1-logixsin xj]

1
{xcosx)*[1 — xtanx 4+ log(x cos x)] 4+ (x sinx)* =

12. Find z—i of the functions given

xt -yt =1

Solution:
Given functionisx¥ + y* =1
Let u = x¥ and v = y*, therefore, u + v =1

Differentiating with respect to x, we get

du | dr Q
E+E =1 ...{l!
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Here, u = x7, taking log on both the sides,

logu = ylog x, therefore,

tdu _ o d L, dy
Ea—y.dxlugx+lngx.dxy —y.x+lagx.:!x

it ¥ dy :
—_— ¥ il
P L + logx. e -..{ii)

and v = y*, taking log on both the sides

log v = x log y, therefore,

1de _d B gy
—x.dxfﬂgy+lugy.ﬂxx —x.ydx-l—lug}r.l

vdx
:—:z v E%+ lng}r] =% [?%—F h:lgy] (i)

Putting the value nfj—:fmm (ii) and% from (iii) in equation (i), we get

=0

B d}'] [xdy
Y= +logx.—| +y* |—+1
= Lr 5 dx ¥ ydx o

i dy L dy
=yx’ P+ x¥logx—+ xy* ' —+yTlogy =0
yx x "—'Exdx xy =T ¥~ logy

d
:d—il:xy logx +xy* 1) = —(y"logy + yx¥™ 1)

= dy _ _ y'logy+yx¥?
dx  x¥ log x+xy¥-1

13. Find j—i of the functions given

¥y o=x

Solution:

Given function is y* = x¥

Taking log on both the sides, x log vy = y log x, therefore,
g Te— e

x.alng}r + h:lgy.ax — }.dxlugx + log x. sy

Lay ik Lo
:bx.ydx+lug}-.1 —y.x-!riogx.dx

ﬁj—i(i—‘iag.r) =%—Iug}r

:.d_y x—_'ulﬂgx) - y—xlogy

dx ¥ x

- day _ yiy-x log¥)
dx = x{x-¥y logx)
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14. Find :—i of the functions given

(cosx)¥ = (cosy)*

Solution:
Given function is (cos x)¥ = (cos y)*

Taking log on both the sides, y cos x = x cos y, therefore,

d d d
b —cusx+ COSX.—— Y = X.Z—COS Y +cns;.r.Ex

: dy 5 dy
=y 51nx}+cnsx.dx—x.{ 5|ny]dx+msy.l

dy _ cosy+ysinx

d . ;
= X (cosx +xsiny) =cosy + ysinx = L= :
dx dx CosSx+xsiny

15. Find j_y of the functions given
X

xy = el*V)

Solution:
Given function is xy = e'*~¥)
Taking log on both the sides,

logx +logy =(x —v)loge = logx +logy = (x — ¥), therefore,

Puddy o @&

x ydx dx

»2Gr)=1-322() e

16. Find the derivative of the function given by f(x) = (1 + x)(1 + x2)(1 + x*)(1 + x%)
and hence find f'(1).

Solution:
Given function is f(x) = (1 + x)(1 + x2)(1 + x*)(1 + x%)
Taking log on both the sides,

Iug flx) = lng[:l +x) +log(1+ x?) +log(1 + x*) + log(1 + x%), therefore,

ok g X o 1 d 4 1 4..g
J‘[x] dx‘f( } l-l-:vr2 dxx 1_'_1_4.{11_.1' 1+.1:‘="{Ixx
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1 . 1
) o 2x 4 4x? + 8x7
f(x}f(xj 1+x 1+ X 140 P18 ™
= f'(x) = f(x) : + i + 4x* 4 8’
fi(x)=f(x T wr e e
"(x) = 2 4 gy [_1 2x 4x® | Ba”
ﬂf (x} N [:1 +I)(1 b }{1 _x }{1+x }!1+x+ 1+x2+ 1+x4+ 1+x“]

S M) =0+DA+ DA+ DA+ D [+ + =+

> (1) =@Q@@@ [j+3+3+5] = 16(F) =120

17. Differentiate (x* — 5x + 8)(x? + 7x + 9) in three ways mentioned below:
(i) by using product rule

(i) by expanding the product to obtain a single polynomial

(iii) by logarithmic differentiation

Do they all give the same answer?

Solution:
Given expressionis (x2 — 5x + 8)(x* + 7x + 9)
lety=(x2—5x+8)(x*+7x+9)

(i) Differentiating using product rule

dy
ix

=(x?-5x+8)3x 2+ N+ x>+ 7x+9)(2x-5)

= (3x* + Tx? — 15x® — 35x + 24x% 4+ 56) + 2x* — 5x* + 14x? — 35x + 18x — 45

= (x? = 5x +8B) - (x® + Tx + 9) + (x + Tx + 9) = (x? — 5x + 8)

=5x%—20x® +45x2 —52x + 11

(i} Differentiating by expanding the product to obtain a single polynomial
y=(x*—5x+8)(x*+7x+9)
= x°+ 7x* +9x% — 5x* — 35x% — 45x + 8x* + 56x + 72

= x% —5x% +15x3 — 26x2 + 11x + 72

i | i
P g0 O

dx dx dx

= 5x* — 20x3 4+ 45x2 — 52x + 11

4 4.3 5.4 2 4 _ .4
x —1—15de Eﬁdxx +11dx'r+dx?2
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(ili) Logarithmic differentiation
y=(x*-5x+8)(x*+7x+9)

Taking log on both sides, log y = log(x® — 5x + 8) + log(x® + 7x + 9)

e . L (x2-5x+8)+

1 _ 1 d
¥ dx (x?—Sx+8) dx

3
(x?+7x+9) dx I[X ok 9)

18 (x5t .32+ T)

¥ dx x¥-5x+8 47z +9
(Zx— 5}{.1’3 +7x+9)+ (3.1’2 + ?}(xz —5x+8)
(x2 —5x+8)(x*+7x+9)

dy
dx =7

B 2x* + 14x% + 18x — 5x% — 35x — 45 + 3x* — 15x% + 24x% + 7x* — 35x + 56
= (x2—-5x+8)(x*+7x+9)

=2 = (22 — 52+ 8)(x? + 7x+9) |

Sx®—20x7+45x°-52x+ 11]
dx

(x2—Sx+8)(x3+Tx+9)

:&%:SI“—Z{]x3+45x2— 52x + 11

Hence, all the three answers are same.

18. iIf u, v and w are functions of x, then show that

du dv dw ‘
L VWt wtuv—_— in two ways - first by repeated application of

product rule, second by logarithmic differentiation.

d
E{u,v. w) =

Solution:
Given that u, v and w are functions of x
lety=u.v.w = u.(v.w)

Differentiation by repeated application of product rule

dy i d
e (v.w) + {U.W].dx u

d o
=ujr—wt+w—rv|t+vr.w.—
dx dx dx

d i i d
== u.u.—w+ U.W.——+ U.W.j
ix dx

=N
dx dx

Differentiation using logarithmic
Lety =u.v.w

Taking log on both the sides, logy = logu + log v + logw

1dy 1 du 1du+1 dw

¥ dr  u dx v dxr w' dx
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dy 1 du 1 dv 1 dw
= — = }." - — - — Sk el
dx ude v dr w dx
:}dy_uuw['l du 1 dv 1 dw
dx” M dx v dre  owdx
:b-ﬂz u.u.w.E_'_ H.B.W‘E u.v.w-d_w
dx u dx v dx W dx
d du dv dw
22 —pwZtuwZru
dx dx dx dx
Exercise 5.6
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1. If x and y are connected parametrically by the equations given in this question, without

d
eliminating the parameter. Find ﬁ.

x = 2at®,y = at*

Solution:

Given that x and y are connected parametrically and here, x = 2at?, y = at*

dx _ ay _ 3
Therefore, e 2a(2t) and = aldt™)

dy
dy _ e _
idx [

dt

4at? = f1

4ot

2. If x and y are connected parametrically by the equations given in this question, without

eliminating the parameter. Find

o
4

x

x=acosf,y=bcos8

Solution:

Given that x and y are connected parametrically and here, x = acosf,y = bcos 8

dx R d__'p'_ el
Therefore, PR a(—sinf) and 5 b(—sin@)

dy
dx

&gz
I

rraciice more on L
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3. If x and vy are connected parametrically by the equations given in this question, without

d
eliminating the parameter. Find ﬁ

=sint,y = cos 2t

Solution:

Given that x and y are connected parametrically and here, x = sint, y = cos 2t

i d .
Therefore, & costand =X = —sin2t.2
di dit
dy 2 —zsinzt _ 2(zsintcost)
s —Z25in SinT Ccos i
ol = —4sint
dx boread cott cosi

=
=1

4. If x and y are connected parametrically by the equations given in this question, without

d
eliminating the parameter. Find ﬁ

xr =4ty :%

Solution:

Given that x and v are connected parametrically and here, x = 4,y = jr

x d 4
Therefore, — =4 a d¥-_2
dr td
dy 4
i 4 E_E__l
de” X 4 t2
dr

5. If x and y are connected parametrically by the equations given in this question, without

d
eliminating the parameter. Find ﬁ

x =cosf —cos28,y = 5inf — sin 280

Solution:

Given that x and y are connected parametrically and here, x = cos8 —cos28,y =
sin 8 — sin 26

Therefore, j—; = —sinf@ + 2sin 28 and j—; =cosf —2cos20
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_ tos8-2cos28
—5in#+2sin 28

dy
ix

hlhlnlh
o=@

B. If x and v are connected parametrically by the equations given in this question, without

d
eliminating the parameter. Find ﬁ.

x =al(f —sin@),y =a(l + cosf)

Solution:

Given that x and y are connected parametrically and here, x = a(8 —sinf),y =
a(l +cos@)

de = E{_ _ v
Therefare,ﬁ =a(l — cos@) and o alld—sind)

dy ) L)
d_y _ 46 _ (—asing@) 2sing coss - E‘Dtg
dx " g(1-cos@) . 2
o { ) 2 sin?3

7. If x and y are connected parametrically by the equations given in this question, without

eliminating the parameter. Find ?.
X

__ sin®t _ oot
veos 2t Vcos 2t

Solution:

sind t - A
~,,-'n:|:nszr'}'I = JroszZt

Given that x and v are connected parametrically and here, x =

heret dy  sin? t%umszt—\.'mszr;—[shﬁt
Therefore, —

T (Veoszt)

: 1 i .

5in® t.———=.(—sin 2t).2 — vcos 2t .3sin? t cos t
2yJcos 2t ( )

cos 2t

_ —sinttein2t-3ecos2isin®t cost
cos 2tycos ZE

yod — d .

-3 = Y (= mprd 3
dy cos EEI\,LUSZf \-cusztﬁms [
i

and— = =
{veos Zi)
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cos? L. sin 2t).2 — v/cos 2t . 3 cos? t(—sint)

1
2vcos 2t (

cos 2t

—cos® tsin2t+3 cos 2t.cos® tsint
cos 2/Cos 2T

dy : y g
dy _ Fr _ —cos®tsin2t+3cos2teos?tsint
dx % —sin® t.sin 2t—3cos 2t.sin’ [ cost

—cos®t.(2sintcost)+3cos2tcos’ tsint _ cos? tsinf(—2cos? t43cos2t)
—sin? t{2sintcost)—3cos2tsin? tcost ~ sin?tcost(—2sin? t—3 cos 2t)

cost[—2cos®t + 3(2cos? —1)] _ cost[-2 cos2t+ 6eoosit— 3]

sint[-2sin?t —3(1 —2sin?t)] sint[-2Zsin?t—3 4 6sint]

cos t[4 cos® t-3] scosPt-3cost cos 3t £ 3t
7 5 = — : = = —— = —CO
sint[—3+4sin? ] Isint—4sin®t sin 3t

8. If x and y are connected parametrically by the equations given in this question, without

d
eliminating the parameter. Find ﬁ.

x=a (mst E Ingtan%)}r = asint

Solution:

t
Given that x and vy are connected parametrically and here, x = a (cust + log tan E)y =

asint
i 1 I 1 ':‘:"QE 1 1
x . ! ;
Therefore, —=a —smt-i——r.secz—.— =gl-—sint+—F.— .-
ar tan; 22 sin- cosfs 2
z 2
: 1 ; 1 —sin® 41 costt
=al|—sint+—5—— =a(—51nt+— :a(—_ ):a(—_ ]
2 sing cos; sint sint gint
dy
FFi acost
d L ') int
¥ - E o i Cos g gin s,
de Ef - feaxte _mst_tanf
dt sint

9. If x and y are connected parametrically by the equations given in this question, without

d
eliminating the parameter. Find ﬁ

x=asecd,y=>btand

Solution:

Given that x and v are connected parametrically and here, x = asecf,y = btanf
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1
Therefore, ﬁ =asecftand

dy .
andm:J = bsec* @

d 3 L

T bsect @ bzecH D{m;g} b

de 9% gsecftan®  atand  g[SnP =ECDSEEE
a8 u{msﬂ]

10. If x and y are connected parametrically by the equations given in this question, without
) dy
eliminating the parameter. Find =

x = alcos8 + fsinf),y = a(sind — 8 cos8)

Solution:

Given that x and y are connected parametrically and here, x = a{cos8 + 8sinfd),y =
a(sinf — 8 cos )

Therefore, ::—; =g|—sinf + (Acos@ +sinf)] = af cos A

and:—; =alcosf —(—8sinf + cos8)] = af sinf

__ afsing _

dy
T aBecosd

5 tan &

glefzlz

e o= d
11. tfx = a®in" 1t 5 = f G ”.shﬂwthatﬁ= —%

Solution:

Given that x and y are connected parametrically and here, x = /asi"™ ' £,y = /geos™' ¢

Therefore,
dx 1 ] -1 1 cip—1 1
o Sgsmmt__ - gsin Lloga—
dr 2\1'&""_]? tx 2,‘.',]5111": Vi-—t2
1 2 1 xloga
=—.x%lopa—=
2x & Vvi—t2 vyi—tZ
and
dy i d  cos it ! cos 1t 5
— = .1 = Jdoga
dt gz gros™'e dx 2y atoste g Vi-t®
1 1 yiega
=—.yloga—=— .—E.
2y v1-t+ Vi1-t*
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dy _¥loga
O gr. et ¥
dy  4x ~ xlge T
dt \-'I—IE
Exercise 5.7

1. Find the second order derivatives of the function given

x24+3x+2

Solution:
Given function is x% 4 3x + 2

Let v = x% + 3x + 2, therefore,

dy _

4. _
e dx{x +3x+2)—Ex+3

dz_y d 2 3 2
i mo iy

second order derivativeof x> +3x+ 2 =2

2. Find the second order derivatives of the function given

x20

Solution:
Given function is x 20

Let y = x2°, therefore,

dy d

dy _ d . 20y _ 19

= dx{x} 20x

=47 _ 4 90x19) = 380x18
dx? dx

3. Find the second order derivatives of the function given

X.COSX
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Solution:
Given function is x. cos x

Let ¥ = x.cos x, therefore,

dy d d d .
—=—(x.cos5x) =x.—cosx +cosx.—x = —xsinx + cosx
dx dx dx dx
d?y d( - ] ( — d ) ,
=——=—(—xsinx+cosx)=—|x—sinx +sinx—=x| —sinx
dx?  dx dx dx
= —xCcosXx— sinx —sinx = —(xcosx+ 2 sinx)

4. Find the second order derivatives of the function given

log x

Solution:
Given function is log x

Let v = log x, therefore,

dy i 1
de ~ dx {Eﬂgx) T ox
da
w2y Y
dx? dx \x x?

5. Find the second order derivatives of the function given

x*logx

Solution:
Given function is x° log x

Let y = x° log x, therefore,

. o pen _ o3 & ook - T 2
dx—dxl[x logx)=x .dxlugx+lngx.dxx =x .x+h:rgx.3,r =2k 3xlogx
:s—dzy——d 2 4.3 =2 +3( Zdi +1 ¥ 2]

e e gy = e BB ES

=2x+3 (xz.i+ log x. Zx) =2x+3x+b6xlogx =5x + 6xlogx = x(5+ 6log x)

6. Find the second order derivatives of the function given
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e” sin5x

Solution:
Given function is e* sin 5x

Let ¥ = e sin 5x, therefore,

d d d
ﬁ = a(er sin5x) = Ex.asin 5x + sin Sx.aex =¢e*.co55x.5 +sin5x. e”®
% = % (5e* cos 5x + e*sinbx)

—E(Ii Sx + 511)+(Ii'5+'si’f)
=5|e*.—cos5x +cos5x.——e e*.——sin5x +sin5x.——e
= 5[e*.(—sin5x).5 + cos5x.e*] 4 [e*.cos 5x.5 + sin 5x. e*]

=e*(—25s5in5x + 5cos5x + Scos5x +sin5x) = e*(10cos 5x — 24 5in 5x)

7. Find the second order derivatives of the function given

e5% cos 3x

Solution:

B

Given function is e™ cos 3x

Let ¥ = e%* cos 3x, therefore,

A i(ef‘x cos 3x) = e®* icus 3x + cos 3x. ie
dx dx “dx '

= e (—sin3x).3 + cos 3x.e%%.6 = 3e%(—sin 3x + 2 cos 3x)

bx

d%y _ @ q6xp_ g
::'ax?-_ax[BE (—sin3x + 2 cos 3x)]

d d
= 3¢ — (—sin3x + 2cos3x) + (—sin 3x + 2 cos 3x).— 3%
dx dx

= 3e® . (—3cos3x — 6sin3x) 4+ (—sin3x + 2 cos 3x). 18e™
= 5% (—9cos 3x — 18sin3x — 18 sin 3x + 36 cos 3x)
= e%%(27 cos 3x — 36sin 3x)

= 9e%*(3 cos 3x — 4sin 3x)

8. Find the second order derivatives of the function given

tan~1x
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Solution:
Given function s tan™! x

Let y = tan™! x, therefore,

dy _ i i} i 1
de  dx g = 1+x*

d d
dZy d( 1 ) {1+12]El—1.ﬁ(1+x2]

— Tt

dx?  dx\1+4x2 (1+x%)2
L - S _ 2x
To+x)2 T (14x2)?

9. Find the second order derivatives of the function given

log(log x)

Solution:
Given function is log(log x)

Let v = log(log x), therefore,

d s B 1

L, L e U
de  dx {]DE(IDEX}} . lngx'x = xlogx

e d
d?y d( 1 )_{xlch}ﬁl—l.ﬁ[xiugx}

dx?  dx xlogx/ (xlogx)?
X D—lix.iﬁﬂgx} i

[xll.'lg:r]":

1+logx
(xlogx)®

10. Find the second order derivatives of the function given

sin(log x)

Solution:
Given function is sinflog x)

Let v = sin(logx), therefore,

dy i . S T cos(log x)
s (sin{log x)) = cos(log x}.x L R
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d d
d%y  d [cos(log I)I » xﬁcns[tugx} —cns[lngx].ﬁx

dx?  dx x (x)?
2 x{—anl’.!ang.i_]—ms[iang_i _ —sin(log x)—cos(log x)
N (x)? N (x)?
: =y
11.ify =5cosx — 3sinx, prove that——< +y =0

Solution:

Given that ¥y = 5cosx — 3 sin x, therefore,

D it,‘[Sl:lr:ls.ur —3sinx) = —5sinx—3cosx
dr dx
"y
e a{—E sinx — 3cosx) = —5S5cosx+ 3sinx = —(5008x — 3sinx) =—y
Ay s
G e 0

2
12.1f y = cos ™! x, find % in terms of y alone.,
X

Solution:

1

Given that y = cos™' x = cosy = x, therefore,

. dy d__'.r_ ..
siny_— = 1 == “Eny —  19EEEY
d’y dy 2
= o= —(cosec y cot y}.a = (cosec y coty). (— cosec y) = — cosec” ycot y

13. If y = 3 cosllogx) + 4sin(log x), show that x%y; + xy; +y =0

Solution:
Given that v = 3 cos(logx) + 4 sin(log x), therefore,

dy d : T x 2
e (3 cos{logx) + 4 sin(logx)) = —3 sin(log x). = +4 cus{lugx}.x
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d
= xé = —3sin(logx) + 4 cos(log x)

d?y dy d o
X k= EirJE[ 3sin(log x) + 4 cos(log x)]

= cus(lugx}.l— -+ sin(lngx}.l= 2 [3cos(logx) + 4sin(logx)] = —l.y
x x x x

d?y dy 1 Sy i il dy
—t—=—— —tx—=— —+x—+y=0
=X dx ) 7% ad T ux Y P X gz T g Y

= xiy, +xy, +y=0

_ a.mx nix d’y dy =
14. if y = Ae™ + Be™", show that Fi (m+n) -t mny= 0

Solution:

Given that y = Ae™* + Be™™, therefore,

d d
é = a(ﬂe"”‘ + Be"*) = mAe™* + nBe™
d’y _d mx nx 2 4, mx Zg,nx
=3 =—(m,ﬂ.e + nBe™) = m“4e™ + n“Be
Putting the value ﬂf— an d i In—— {(m+ n_]— + mny, we get

LHS = (m%A4e™ 4+ n’Be™) — (m + n)(mAe™™ + nBe™) + mny

= m?4e™ + n*Be™ — (m*Ae™ + mnBe™ + mnAe™ + n’Be™) + mny
= —(mnde™* + mnBe™) + mny

= —mn{Ae™* 4+ Be™) + mny

= —mny +mny = 0 = RHS

2
15. If y = 500e”* + 600e 7, show that% = 49y.
x

Solution:

Given that y = 500e7* + 600e~7%, therefore,

j—i = f—xiﬁﬂﬂeh + 600e~7*) = 500e”*.7 + 600e~"*.(—7) = 7(500e™* — 600e~7*)
ﬂ'z}r

d
. Tx _ —Txy 5, -7x f_
::-E == E?{S{]De * —a00e™ ") = 7[500e*.7 + 600e™ "%, (—7]]
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= 49(500e7* — 600e~7) = 49y

diy
dx2 49y

¥ - dy _ (ay\?
16. Ife [x+1]l—1,5huwthatdxd—( )

dx

Solution:

Given that e¥(x + 1) = 1, therefore,

VIKRANTADAD=MY"

dy d d
Y x4+ 1) +(x+1)—e¥=—1
% d'x[x i }tfxe dx
Y4(x+1 y 0
o e
e (x Je e
g B EN
dx x+1
d d
d2y d( 1 ) (x+1).1-1lg&x+1) 0-1 1
dx? dx\ x+1/ (x+1)2 = {[x+1)1]_{x+1}2

.

=)
=——=|-
dx? x+1

2 2
ﬂd_f_(d_r)

dx?  \dx

17.1f y = (tan™! x)%, show that (x2 + 1)y, + 2x(x2 + 1)y, = 2.

Solution:
Given that y = (tan™! x)?, therefore,

dy

_d 1 _ Ztanlx
ix dx

14x?2 14x2

[(tan~1x)?] = 2tan" 1 x.

d
Ny +x2}d—i= Ftan L

dy d

a* d s
= (1 +x2}ﬁ+a.5(1 + x3) =—-(2tan 1x)

7 8%y dy 2
= BX sy oy *
{1+X '}dxz+dx 2x 1+x2
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d*y dy
— 4+ 2x(1+x%)—=12
dx? x( I)dx

= (x2+ 1)y, + 2x(x2+ 1)y, =2

= (1 + x2)?

Exercise 5.8

1. Verify Rolle’s Theaorem for the function f(x) = x% + 2x — 8, x € [-4,2].

Solution:

Given function is f(x) = x* + 2x — 8,x € [-4, 2]

(1) Function f Is a polynomial function, so it is continuous in close interval [—4, 2].
(i flix)=2x+2

Hence, the function f Is differentiable in open interval (—4, 2).

(i) f(-4)=(—4)*+2(—4)-8=16—-8—-8=10

and f(2)=(2)*+2(2)—-8=4+4-8=0

= f(—4) =f(2)

Here, all the three conditions of Rolle’s Theorem is satisfied. Therefore, there must be a
number ¢ € (—4,2) such that f'(c) = 0.

=f(c)=2c+2=0
=c=-1€(-42)

Hence, the Rolle’s Theorem is verified for the function f(x) = x* + 2x — 8,x € [—4,2].

2. Examine if Rolle's Theorem is applicable to any of the following functions. Can you say
something about the converse of Rolle's Theorem from these example?

(i) f{x) = [x] forx € [5,9]
(ii} f(x) = [x] for x € [-2, 2]
(i) f(x) = x* — 1 forx € [1,2]

Solution:

Rolle’s Theorem is applicable to function f:[a,b] — R the following three conditions of
Rolle's Theorem is satisfied.

(i) Function f is continuous in closed interval [a, b].
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(ii) Function f is differentiable in open interval (a, b).
(iii) f(a) = f(b)
(i) f(x) = [x] forx € [5,9]

The greatest integer function f is neither continuous in close interval [5,9] nor
differentiable in open interval (5,9). Also f(5) = f(9).

Hence, the Rolle’s Theorem is not applicable to f(x) = [x] for x € [5,9].
(it} f(x) = [x] forx € [—2,2]

The greatest integer function f is neither continuous in close interval [—2,2] nor
differentiable in open interval (2, 2). Also f(—2) # f(2).

Hence, the Rolle's Theorem is not applicable to f(x) = [x] forx € [-2,2].

(i) f(x) =x*—1forx €[1,2]

The function f is a polynomial function, so it is continuous in closed interval [1, 2].
f'(x) = 2x, hence, the function f is differentiable in open interval (1, 2).
fl)=(1)*-1=0and

f@)=@7-1=3

= f(1) # f(2)

Hence, Rolle’s Theorem is not applicable to the function f(x) = x* — 1 forx € [1, 2].

3. Iff:[-5,5] — R is a differentiable function and if f'(x) does not vanish anywhere, then
prove that f(—5) # f(5)

Solution:

f:[—5.5] = R is a differentiable function, hence

(i) The function f is continuous in closed interval [—5, 5].

(i) The function f is continuous in open interval (—5, 5).

According to Mean Value Theorem, there exists a value ¢ € (—5,5), such that

ey FE =18
fle)= 5 (=5)

But it is given that f'(x) does not vanish anywhere, hence

_fB)—f(=3)
- 5-(-9)

= f(5) - f(=5)+0
= f(5) # F(-5)

¥iiel =0
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4. Verify Mean Value Theorem, if f(x) = x* — 4x — 3 in the interval [a, b],

wherea=1and b = 4.

Solution:

Given function is f(x) = x* —4x — 3,x € [1,4]

(i} Function f is a polynomial function, hence it is continuous in closed interval [1, 4].
(ii) f'(x) =2x— 4

Hence, the function f is differentiable in open interval (1, 4).

According to Mean Value Theorem, there exists a value ¢ € (1,4), such that

' _f'["r)—f{l}
') =g
g Ay =3 - [(1)° —4(1) 3]
=2c—4 = 3
_ 3=ty &

5
= 2c=5 =:'C=EE[1,4'_]

Hence, for the function f{x) = x% — 4y — 3, x € [1,4], the Mean Value Theorem is verified.

5. Verify Mean Value Theorem, if f(x) = x? — 5x2 — 3x in the interval [a, b], wherea = 1
and b = 3. Find all ¢ € (1, 3) for which f'(c) = 0.

Solution:

Given function is f(x) = x* — 5x% — 3x,x €[1,3]

(i) Function f is a polynomial function, hence it is continuous in closed interval [1, 3].
(ii) f'{x) =3x2—10x—3

Hence, the function f is differentiable in open interval (1, 3).

According to Mean Value Theorem, there exists a value ¢ € (1, 3), such that

3y— il
o =TO 1D

[(3)* — 5630 —3(3) = (1) - 5(1)* —3()]
2

(27 —58)— (1—8) 2747
2 - 3 =

=3c2—-10c—-3=

=3c?—10c -3 = —10
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=3c?—10c+7 =0
=3c2—3c—T7c+7=0
=3c(c—1)—7(c—1)=0
=(c—1)Bc-T7)=0
=>c—1=00r3c—7=10

=ec=1 =
s=aE es

7
:}CZEE{]ﬁ_}

Hence, for the function f(x) = x® —5x* — 3x,x € [1,3], the Mean Value Theorem Is
verified. For the value of ¢ = ;the function f'(c) = 0.

6. Examine the applicability of Mean Value Theorem for all three functions

Solution:

Mean Value Theorem is applicable to function f: [a, b] — R the following two conditions of
Mean Value Theorem is satisfied.

(i) Function f is continuous in closed interval [a, b].
(i} Function f is differentiable in open interval (a, b).
(i} f{x) = [x] forx € [5,9]

The greatest integer function f is neither continuous in close interval [5,9] nor
differentiable in open interval (5,9).

Hence, the Mean Yalue Theorem is not applicable to f(x) = [x] for x € [5,9].
(i) f(x) = [x] forx € [-2, 2]

The greatest integer function f is neither continuous in close interval [—2,2] nor
differentiable in open interval (2, 2).

Hence, the Mean Value Theorem is not applicable to f(x) = [x] for x € [-2,2].

(i) f(x) = x* — 1 forx € [1,2]

The function f is polynomial function, so it is continuous in closed interval [1, 2].

f'(x) = 2x, hence, the function f is differentiable in open interval (1, 2).

Hence, Mean Value Theorem is not applicable to the function f(x) = x* — 1 forx € [1, 2].

Hence, the Mean Value Theorem is applicable to f(x) = x* — 1 forx € [1,2].
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Miscellaneous

1. Differentiate w.r.t. x the function

(3x2—9x+5)°

Solation:
Given function is {(3x% — 9x 4+ 5)°

lety = (3x% — 9x + 5)°, therefore,

:—ﬁ = 9(3x% — 9x + 5]3%(3;:2 ~9x +5) = 9(3x% — 9% + 5 (6x—9)

= 27(3x% — 9x + 5)%.(2x — 3)

2. Differentiate w.r.t. x the function

sin® x + cos®x

Solution:
Given function is sin® x + cos® x

Lety = sin® x + cos® x, therefore,

d : é 5 d - :
a_y = 3 sin? x.——sinx + 6 CDSEI.d—cnsx = 3 sin? x.cosx + 6 cos® x.(— sinx)
X X X

= 3sinx cosx (sinx — 2 cos* x)

3. Differentiate w.r.t. x the function

(5x)3cnszx

Solution:
Given function is (5x) €5 2%
Let ¥ = (5x)3°52%, taking log on both sides

J3C0$2x

logy = log(5x = 3cos2x.log5x

Therefore,
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ol 0 3 2 = log5x +log5 d 3 2

;H_ COS X'E og5x + log x.a COs 2x
2 3 s s 3+ log5x.3 in2x).2

= —= i . 3} g
oy y[ cos x5x og 5x.3(—sin2x) ]
dy 3 coe 2y [COS2x—2 sin2x log 5x

=>--= 3(5x) [ s ]

4. Differentiate w.r.t. x the function

sin'l{xﬁ]. D<x<1

Solution:
Given function is sin_l(xv{;:i.{] =x=1

Let v = sin~} [:I\G}, therefore,

dy 1 d 1 [ d — d ]
—_— =, xuxi== .X-—-v1”+ Xir——X
idx 5 t ._}2 dx[ Vi—xd dx ¥ dx
=l XyX
A |

o [x$+ﬁ-1]= 1 Inzx]_ 3x _3

Vi-x2 vi—z? l2z] zy@fi—x® 2

5. Differentiate w.r.t. x the function

X

E _Deox<?

VZxeT!

Cos

Solution:
. cos— 12
Given functionis —=, -2 < x < 2
VEXET
cos~12
Let y = Z therefore,

V2x+T

—1X

ard e o
dy _ €os g/ TxHT 2xiTpeosTl;

dx (VIx+7)

X 1 ] -1 1
cos ‘5 —m—. 2| —vix+ T ————
[ 2 x4+ 7

242x +7 m'f

2x+7
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~ —] e
cos 21‘- +\.'1I1‘?:ﬁ LGS_IE_M""—IA*'EI‘P?

2x+7 (2x+TWex+7v4—x*

6. Differentiate w.r.t. x the function

Vitsinxe+vi-sinzx

cnt"[ IJDt:x::g

vi+sinx+v1l-sinzx

Solution:

vi+sinx+vVi-sinx

Given function is cot ™1 [ ] D<x< g

vit+sinxr+vi-sinx

vi+sinz+vi-—sinx
vi+sinx+yvi—sinx

Let y = cot™! [ , therefore,

X x
el 1[‘]1:05 2+5m 2+25I]‘I2CDSE+JCDS 2+5|r1 2 Zsmicusf

cos?Z + sin? 2+ ZSII'IECDSE Jc052§+ smzE 25|n§cﬂs§

X z X . e
e cnt_l \I[LUSE+S!I;E} +J(t‘055—§mf:|
[

_\! [EUSE+$§H§]2 —J{ msg— sirl.%::]2

[ x o e o x

cus + sin= + cos5 — sins 2coss x ¥
P -1 2 2 2 21 _ a 2 -1 =
= ot = —x x —x = cot - = cot cnti —E

_cosi + sins — cas§+ sinz 2 sin=

dy
Therefore, i_ — ;—r

7. Differentiate w.r.t. x the function

(log x)1°8%, x > 1

Solution:

Given function is (log x)'°8%, x > 1

Let ¥ = (log x)'°87, taking log on both sides
log y = log(log x)'°8* = log x. log(log x)
Therefore,

ldy

Jm, = log x. —Iag(lng x) + log(log x). —Iugx
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1 1
—+log(l —
logx x og(logx) x]

dy logx [1 +h:|g[h:|gx}]
== (logx) R R

dy
=—=yllogx.
dx y[ﬂgx

8. Differentiate w.r.t. x the function

cos(a cosx + bsinx), for some constant a and b.

Solution:
Given function is cos{a cos x + b sin x)

Let ¥y = cos(a cos x + b sinx), therefore,

dy
idx

— = —sin{acosx + bsinx) .%[ﬂmsx + bsinx)

= —sin{acosx + bsinx){—asinx + bcosx)

= sin(acosx + bsinx) (asinx — bcosx)

9. Differentiate w.r.t. x the function

; In ¥—g " an
(sinx — cos x)'¥0x ""'“}'.: <X

Solution:

(sinx—cosx) ¥
L]

Given function is (sinx — cos x) #

3w
"'::I{.T

Let y = (sinx — cos x)SN*¥—c05x) taking jog on both sides

VIKRANTADAD=MY"

log y = log(sin x — cos x)8n*¥—c08x) _ (gin x — cos x).log(sin x — cos x)

Therefore,
ldy
ydx
dy (si ) (cosx + sinx)
== = e ——
dx ‘3 i (sinx —cosx)

day _

d d
——— = (sinx — -:nsx].Etug{sinx —cosx) +log(sinx — cnsx}.E{sinx —CO5X)

+ log(sinx — cos x) (cos x + sinx)

s (sin x — cos x)SP¥—C0SX) (eac y 4+ sinx)[1 + log(cos x — sinx)]
X

10. pifferentiate w.r.t. x the function
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4+ x%+a* + a", forsomefixeda > 0and x > 0.

Solution:
Given function is x* + x% + a* + a®

letu=x*and y = u + x4+ a* + a therefore,
dy du d d d
_=_+_ I.I._I__ .1‘.'+_vll

dx dx a’xx dxa r:!'xﬂ

ay
dx ~

:—i +ax® ! +a*loga+0 ..(i)
Here, u = x¥, taking log on both sides
logu =logx™ = x.logx

Therefore,

1du dl : d 1 ; { du ik ey
Tde = Ix ogx + Dgx.ﬁ.r—x.;—r ogx. :E_H[ +logx) = x*(1+logx)

d
Putting the value nfﬁln equation (i), we get

dy

dx=

x*(1+logx) + ax® ' + a*loga

11. pifferentiate w.r.t. x the function

x4 (x— 3]”2, forx > 3.

Solution:
M : x2-3 x*
Given function is x +(x—3)
o = 2
letu=x* Yandv = (x — 3)* therefore,y =u+v

Differentiating with respect to x, we have
dy _du v
dr ~ dx  dx E :I

Here, u = a3 taking log on both sides

logu = (x* — 3) log x, therefore,
1du

—{ZE}dl +1 d{23}
adx = ¢ "dx CBX TIOBX- g X

1
=(x?— 3].;+ logx.2x

du  [x*—3+2x*logx
dx " z
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du _  x*-3 [.1-2—3+:£x2 logx

- =x*¥ 4(x2 -3+ 2x2logx) ..(ii)
x

x
and, v = (x — 3}x2.taking log on both sides

logv = x* log(x — 3), therefore,

i ZdI (x —3) + log( 3]‘i e
vdx  © dx BV AT dx

1 2
_ o2 _ _ -
—x.x_3+lug{x 3). 2x I_3+2x.lc:g(x 3)
du x? 2 [ x2 o
2= v [+ 2xlogx - 3)| = (x - 3)* [§+ 2x.tug(x—3)] ..

d
Putting the value nfﬁ from (i} and value of:i—:frc-m (iii} in equation (i), we have

dy _ _x®—4r 2 2 _ gyt [ =
L = x*4(x2 — 3 4+ 2x?logx) + (x — 3) {x_3+2x.lug{x 3]]

12. Find 2, 1f y = 12(1 — cost),x = 10(t —sint),— T < t <.

Solution:

Given that y = 12(1 — cost),x = 10(t — sin t),—r—; i {%
Here, x = 10(t —sint),y = 12(1 — cos t)

Therefore, = = 10(1 — cost) and = = 12(0 + sint)

P e o
12 sint 5[2 Hl";mg;} [ t
= =—cnt5

dy 19
- T 10{i—cost) inzt 5
{1—cost) E[Imn 2}

ix

B2

13. Flndﬁ—ijf}r: sin"lx+sinT!Vl—x2,0<x< 1.

Solation:
Giventhaty =sin"'x +sin™'vV1—x2,0 <x < 1.
Here, v = sin~!x + sin"'v1 — x2, therefore

d d -
b APPRRES - SRS el | sl =1 —_
ittt L x+dxsm 1—%
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d 1 1 d
2 + —f/1—x2

S e =
g% f1—a 7 dx
J1-(6T=)
dy 1 1 g 3
= —= e B —(1—2x2)
dx  1—x2 x 7241 xZdx
P A (. SRS S
dx = V1P ¥ i Eu'ﬁ{ 21’} TR VIR 0

14. fx1+y+yWil+x=0for-1<x< l.Prnvethatz:—;=

Solution:

Giuenthatx\fl +y+ywWl+x=0 =2x/1+y=—yl+x

Squaring both sides

2(1+y)=y*(1+x) =2x*+x’y=y2+yix

= x2 — 32 + x’y=gtr =)
=x+y)x-—y)tayx—y)=0=(x—-y)x+y+xy)=0
2x+y+xy)=0 [rx+y 2x—y=+0]

il 4x) =—x

X

il BT
Therefore,
i i
dy I:1+x}Ex—inl+x} Dhx-x 1
dx [1+x)? T [1+x)2 T (1+x)?

15. if (x — a)? + (y — b)* = ¢ for some ¢ > 0, prove that

3
273
1+(z)
dcy
axT

is a constant independent of a and b.

Solution:
Given that (x —a)®* + (y — b)* = ¢*

Differentiating with respect to x, we have
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d d d dy
A ARG LW a2 _ N s S
dx{x a) +dx(y b) d'xc = 2(x—a)+ 2(y b]lﬂ.x

dx y-=b

Differentiating again, we have

dy  O-HZE-a-G-f0-b -bl-G-aF

dx? e (v —b)?
” dly Rk U—b}l—{x—ﬂ:}{ ;:E} = | (y—b)2 +(x—a)? = el
dx? ~ (¥—b)2 - e
]
1+{51]|z ?
Putting the values in d'ii . we have
dxt
a
3 3
Lt 27z 297
Y0 (x —a)? ]2
14+ (- ] 1+ ]
y=8) | " G-b~
et i N
v —b)? (v —b)?
3 3
[{J’ — By + (3= ﬂ)lr [ c? r
- (y —b)* _ly-b)?
- c? . c?
(v —b)? (y —b)
o2
T .3
= '}hj'z' =- :7 = —, which is a constant independent of a and b.
[y—by=

dy  cos®(a+y)

16. If cos y = x cos(a + y), with cosa # +1, prove thata o

Solution:

Giventhatcosy = xcosla +y) =x= » therefore,

y
COS{a+¥)
Differentiating with respect to y, we have

d . PPy ey
d_x ms[uﬂ}ﬂ—ﬁ_ms_v cnaydymam+y]

dy cosiia+y)

. dx _ cos(a+ y)(—siny) — cosy(—sin(a + y))
dy cos*(a +y)

_ d_x __ —siny cos(a + v) + cosysin{a + y)
dy cos?(a + y)

b sinfa +y —y) 5 sina

cos2(a+y)  cosi(a+y)

73 www.vikrantacademy.org

= mare on Continuity and Differentiability Call: +91- 9686 - 083 - 421




VIKRANTADAD=MY"

dy _ cosila+y)
dx = sinea

z
17.fx = a(cost + tsint) and y = a(sint — t cos t), find %.

Solution:
Given that x = a(cost + tsint) and ¥y = a(sint — t cost)

Here, x = a(cost + tsint),y = a(sinf — tcost)

Therefore,
%= a[—sint + (tcost + sint)] = atcost

and

i .
=L — a[(cost — (—tsint + cost))] = at sint

dar =
d oy teint
y g atsin
=t i — =tant
dx =~ o T gtcost
dr

da* dr 1 sect
S —onc? i T R

dx dx atcost at

18. If f(x) = |x|?, show that f "' (x) exists for all real x and find it.

Solution:
Given function is f(x) = |x|?

Rewriting the function f{x) = |x|? in the following form:
3 =
x ifx=0
x)= =

) [—13 ifx <0

Fx20,fx)=x> =3flx)=3x* =3f"(x)=6x
fx<0,f(x)=—x =2f(x)=-3x* =f"(x)=—6x

Hence, f"'(x) exists for all real x and it can be represented as follows:

6x ifx=0
—bx ifx<0

o0 ={

i =
19. Using mathematical induction prove that (:—Il[x“]l =nx""? for all positive integers n.

74 www.vikrantacademy.org
Practice more on Continuity and Differentiability Call: +91- 9686 - 083 - 421




VIKRANTADAD=MY"

Solution:
d Ft n—1
Let P{n}:a(x }=nx
Putting n = 1, we have LHS :%{xil =landRHS=1x"1=x"=1
Hence, P(n) is true forn = 1.
Let P(k}:%(xk) = kx*1 is true.

To prove: P(k + 1):%[:{"”} = (k + 1)x" is also true.

NP T
LHS—dx[x }_dx[x X) =2 dx[x}+xdxx

=x*. 1+ x.kx*1=(1+k)x* = RHS
Hence, P(n)istrueforn = k + 1.

Therefore, by the principle of mathematical induction P(n) is true for all natural numbers n.

20. Using the fact that sin(A + B) =sinAcosB 4+ cosAsinB and the differentiation,
obtain the sum formula for cosines.

Solution:
Given thatsin(d + B) = sinAcosB + cos Asin B,

Differentiating with respect to x, we have
d'A+B—('Ad B+ ﬂ'd'd)+( .*I.IS‘I'JE-‘+'.‘3“:i A)
asm{ 1 =1|sin 2 508 cosB__sin cosA__sin sin B cos

dd dBb
= cos(4 + B). (— + —)
dx dx

; ; dab dA dB | : dA
= (sm A(—sin E]E +cosB CDSHE) + (msﬂ CBSBE + sin B(—sin A]E)

dB
dx

= cos(d + B). (:—: +

. ) dB , . dA
= (cos A cos B — sin A sin E]d_ + (cos A cos B — sin A sin E]d‘_
x x

dd dB ’ ; dd dB
= cos(4 + B). (— + —] = (cosdcosB —sindsinR) (— + —]
dx dx dx dx
= cos(A+B)=cosAcosB —sinAsinA
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21. Does there exist a function which is continuous everywhere but not differentiable at

exactly two points? Justify your answer.

Solution:

Function f(x) = |x — 1| + |x — 3] is continuous for all real points but not differentiable at

two points (x = 1 and x = 3).

f(x) g(x) h(x) f'(x) g'(x) h'(x)
2. fy=| 1 m n |provethat—=1 1 m n
i b Fa i b c
Solution:
flx) g(x) hix)
Giventhatyv = [ m n | therefore,
i b C
' ' ' f(x) g(x) hix)] |f(x) g(x) h(x)
s _|fe QRGN 7 "SUSEREED 1O
i m n e o B da db de
a b c a b c dx dx dr
i flix) g'(x) K(x)] |f(x) g(x) h(x)] |f(x) g(x) h(x)
e =] ok 1 n |[+] 0 0 01+ 1 m n
a b (i a b c 0 0 0
o O g@ K@ o @ g@ K@
e m B[R0 s =] m n
a b c a h [
“q diy dy
23, Ify = 9% "X ] < x < 1, show that (1 —xzjm—xa— a’ly =10

Solution:
Given that: y = g0 X tharafore,

Differentiating with respect to x, we have

dy d =, gl
L gacesTix _ L0008ty g ane—ly
dx dx
Y oo iy, 1 . O
dx vi-x* v1—x*

Squaring both the sides, we have
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dy\? _ a’y? 22 fi\2 _ 2.2
(:!x] T 1-x2 :{1 % }(dx) =0k

Differentiating again with respect to x, we have

ﬂj_i 2{1_1’2)%"‘%[—21’} =Ea2yz—§
ﬂg[tl 1)%— ;’]_zazyg
ﬂ{l—xz}g_xj_i_ﬂz},

- (- e sy 0
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