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CBSE NCERT Solutions for Class 12 Maths Chapter 11

Back of Chapter Questions

Exercise 11.1
1. If a line makes angles 90, 135°, 45° with the x, y and z-axes respectively,

find its direction cosines.

Solution:

Considering direction cosines of the line as I, m, and n.
l=c0s90° =0

m = cos 135° = —‘%
n = cos45° = -

V2

. ] : - 1
Hence, the direction cosines of the line are 0, -7 and &

2. Find the direction cosines of a line which makes equal angles with the coordinate axes.

Solution:

Consider, the direction cosine of the line making an angle a with each of the coordinate
axes.

~l=cosa,m=cosa,n=cosa
E+m?+ni=1
= cos‘a+cosfa+costa=1

=3cosla=1
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4 1
= Cos“ o=
3

1
=S oS =+—

V3

Therefore, the direction cosines of the line, which is equally inclined to the coordinate

1 1 1
axes,are+—,+—=and + =
V3 VE] V3

If a line has the direction ratios —18, 12, —4, then what are its direction cosines?

Solution:
Considering direction cosines of the line as I, m, and n.

The line has direction ratios of —18, 12 and —4 then its direction cosines are

-18
J=18)2+(12)2 (4%

12
J—1B1 2 4+{12)2+(—4)2

-4
JI—18)24(12)2+(—4)2

=

—18

Therefore, | = =
12
m=—,
22
-4
=
22

i ; 9 & =2
Thus, the direction cosines are ki and =

Show that the points (2, 3,4),(—1,-2, 1), (5,8, 7) are collinear.

Solution:

Given: A(2,3,4),B(—1,—2,1) and C(5,8,7).
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We know that the direction ratios of line joining the points (x,,y,,z,) and (x5, 5,2, ) are
given by x; — x;,y, — y; and z; — z;.
The direction ratios of AB are (—1 —2),(—2—3) and (1 — 4)
=> —3 —5and -3.
The direction ratios of BC are (5 — (—1)),(8 — (—=2)) and (7 — 1).
=> 6,10 and 6.

It is seen that the direction ratios of BC are —2 times that of AB therefore, they are
proportional.

Thus, AB is parallel to BC. Since point B is common to both AB and BC, points A, B and C
are collinear.

. Find the direction cosines of the sides of the triangle whose vertices are
(3,5,-4),(-1,1,2) and (-5,-5,-2)

Solution:
Given that the vertices of AABC are A(3,5,—4),B(—1,1,2) and C(—5,—-5,-2).

A5

c

- .
ek (-5.-5,-2)

We know that the direction ratios of line joining the points (x,,vy,,2,) and (%, y,,2,) are
given by x, — x4,y — y; and z, — z,
The direction ratios of side AB with the points, A(3,5,—4),B(—1,1,2) are:

=>(-1-3),(1-5)and (2— (—4))

=>—4 —4 and 6.
Then /(—4)2 + (—4)2 + (6)2 = V16 + 16 + 36
=68
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= 2+4/17

Therefore, the direction cosines of AB are

_ —4 = | &

JETH =T+ 6 a7 0T 6)E (-0 T -0+ (6)F

i 4 &

=} Faog A = » i
W17 217 21

=2 =2 3

= R v e = o104

V17T VT
The direction ratios of BC with the points, B(—1,1, 2) and C(—5,—5, —2) are:
=>(-5—(-1)),(-5—1) and (-2 — 2)
== —4,—6 and —4.
Therefore, the direction cosines of BC are

—4 -6 -4
==

Vi—4# (=62 + (=0 " J ()2 (=62 + (-4 " (-4 +(—6) 2 #(—4)*

-4 -6 -4
2v17 ' 2V17 " 2V17

The direction ratios of CA with the points, A(3,5, —4) and C(—5,—5,—2) are:
=>(-5-3),(-5-5)and (-2 — (-4))
=>—-8,—10and 2.

==

Therefore, the direction cosines of AC are

—-B —10 2

=3
J=aE+(1o)Z+(2)2 " J(-8)2+(10)2 +(2)2 " J(-B)2+(10)Z+(2)?

-8 —-10 2

=‘_'}'_ —
2432 ' 2,42 " 242

Exercise 11.2

1. Show that the three lines with direction cosines

12 -3 =% 4 1Z T 3 —4 12

Sttt e ey B mutually perpendicular.

Solution:
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We know that two lines with direction cosines, 1;, m;, n; and 1;, m;, n, are perpendicular
to each other

When L1, +m;ym; + n;n, =0

12 -3 —4 4 12 3
(1) For the lines with direction cosines, —,—,—and —,—,—
131313 13 13" 13

s o =S+ ()0 5+ ()05

48 36 12
169 169 169
=0

Thus, the lines are perpendicular.

3 3 —4 12

(ii) For the lines with direction cnsmes and —,—,—
‘13 13 o e Pt b el B |

1112+m1ﬂ12+n1n2=%Ki+ﬂx(_4)+3 E

13 13 13 13 13
12 48 P 36
T 169 169 169
=0

Thus, the lines are perpendicular.

(i11) For the lines with direction cosines, —3 ;—: % and %:—:;—; we obtain
Ll +m,m, +nyn, = (55) % () + (55) x (%) + () (%)
_36 12 48
169 169 169
=0

Thus, the lines are perpendicular.

Thus, all the lines are mutually perpendicular.

Show that the line through the points (1, —1,2)(3, 4, —2) is perpendicular to the line
through the points (0, 3, 2) and (3, 5,6).

Solution:
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Consider, AB as the line joining the points (1,—1,2) and (3,4, —2) and CD as the line
joining the points (0,3, 2) and (3, 5, 6).

The direction ratios a,, by, c; of ABare (3—1),(4—(-1)) and (-2 —2)
=>2,5and —4.

The direction ratios a5, b,, ¢, of CD are (3 —0),(5— 3) and (6 — 2).
=>73,2 and 4.

AB and CD will be perpendicular to each other, if a;a; +b;b, + ¢c;c; =0
a;a, +bb, +cc, =2x3+5x2+(—4) x4

=6+10—-16

=0

Thus, AB and CD are perpendicular to each other.

3. Show that the line through the points (4,7, 8), (2,3, 4) is parallel to the line through the
points (—1,-2,1),(1,2,5).

Solution:

Consider, AB, the line through the points (4, 7, 8) and (2, 3,4) and CD be the line through
the points (—1,—2,1) and (1,2, 5).

The directions ratios a,, b;,c; of AB are (2 — 4),(3 — 7) and (4 — 8)
=>—2,—4 and —4.
The direction ratios, a,, b,, ¢, of CD are (1 — (—1)),(2 — (-2)) and (5 — 1)

=> 2,4 and 4.

AB will be parallel to CD, when 2t = 22 = <
azg bx e

az 2

. M, N
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s
Ca -+

a3 by ¢

= a; by ¢

Therefore, AB is parallel to CD.

Find the equation of the line which passes through the point (1,2,3) and is parallel to the
vector 31+ 2] — 2k

Solution:

Given that the line passes through the point A(1, 2, 3).
Thus, the position vector through A is

a=i+2j+3k
b=3i+2j—2k

We know that the line which passes through point A and parallel to bis givenbyF=a+
RE, where A is a constant.

=>F=1+2j+3k+ (31 +2j - 2k)

This is the required equation of the line.

Find the equation of the line in vector and in Cartesian form that passes through the point
with position vector 2 — j + 4k and is in the direction i + 2j — k

Solution:

Given that the line passes through the point with position vector

a=2i—j+4k ..(3)

b=i+2j—k ...(ii)
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We know that a line through a point with position vector @ and parallel to b is given by
the equation, ¥ = @ + Ab

>f=21—j+4k+A(i+2j— k)

This is the required equation of the line in vector form.

"

r=xi—yj+zk
=>xi—yi+zk=QA+2)i+(2A-1)j+ (-2 +4)k
Eliminating A, we obtain the Cartesian form equation as

X% ¥¥1 z-4
1 EE =

This is the required equation of the given line in Cartesian form.

. Find the Cartesian equation of the line which passes through the point (—2,4, —5) and
parallel to the line given by %3 = L: = ?

Solution:
Given that the line passes through the point (—2, 4, —5) and is parallel to % = ? =
s

=]

The direction ratios of the line xTH = ? = 153 are 3,5 and 6.

The required line is parallel to zj = ? = ?

Therefore, its direction ratios are 3k, 5k and 6k where k = 0

We know that the equation of the line through the point (x,,y,,2,) and with direction

i 1S o el = z—2
ratios a, b, c is given by — = Y-¥i _ =%
. e 2 :

Therefore the equation of the required line is

x—(—Z):y—:t:z—(—)S

3k 5k 6k
MR ya mE
3 5 &
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7. The Cartesian equation of a line s % = %ﬁ. Write its vector form.

Solution:

The Cartesian equation of the line is

X-5 _ y+4 _ 7—6

T i~z B

The given line passes through the point (5, —4,6). [ from (1)]
The position vector of this point is @ = 5i — 4j + 6k

The direction ratios of the given line are 3,7 and 2. [ from (1)]

This means that the line is in the direction of vector b = 3i + 7i + 2k

We know that the line through position vector 3 and in the direction of the vector b is
given by the equationF =3 + Ab, A€ R

= ¥ = (5i — 4§ + 6k) + A(3i + 7j + 2k)

This is the required equation of the given line in vector form.

8. Find the vector and the Cartesian equations of the lines that passes through the origin and
{5.—2.3)

Solution:
The required line passes through the origin. Therefore, its position vector is given by,
d=0 ..()

The direction ratios of the line through origin and (5,—2, 3) are:

(5-0) =5,
(-2-0)=-2,
(3-0)=3

The line is parallel to the vector given by the equation b = 5i — 2j + 3k
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The equation of the line in vector form through a point with position vector a and parallel
tobisf =3+Ab,A€R
=7 =0+ A(51 — 2j + 3k)
=T = A(51 - 2j + 3k)

The equation of the line through the point (x4, y4,2,) and direction ratios a, b, c is given
by

=Ry ¥ ¥ i

a b c

Thus, the equation of the required line in the Cartesian form is

x-0 ¥Y=bha=i

. Find the vector and the Cartesian equations of the line that passes through the points
(3,-2,-5),(3,-2,6).

Solution:

Consider the line passing through the points P(3, —2,-5) and Q(3, -2, 6) be PQ.

As PQ passes through P(3, —2,—5), its position vector is given by

a=31—-2j—5k

The direction ratios of PQ) are given by,

3-3)=0,
(-2-(-2) =0,
(6—(-5)) = 11

Therefore, equation of the vector in the direction of PQ 1s
b=0.i+0.j+ 11k = 11k

Thus, the equation of PQ in vector form is given by ¥ =3+ Ab,A € R
=7 = (31— 2j—5k) + 112k

The equation of PQ in Cartesian form is
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a b C
= ¥—3 = V+2 = +5
0 1] 11
- . . . . X—3 +2 Z+5
Cartesian equations of the line that passes through the points is L !'rT s

Find the angle between the following pairs of lines:
(i) F = 21— 5] + k+ A(31+ 2j + 6k) and ¥ = 71 — 6k + p(i + 2j + 2k)
(i) F =31 +j— 2k + A(1 —j — 2k) and T = 21 — j — 56k + p(3i — 5] — 4k)

Solution:

(1) Consider () as the angle between the given lines

E|'Ez

The angle between the given pair of lines is given by, cosQ = Ballbal

The given lines arc parallel to the vectors, b, = 3i+ 2j + 6kand b, =1+ 2j + 2k
respectively.

Therefore,

Ib,| =V32+22+62=7

|bz| = /(D)2 + (2)2+(2)2=3

b, -b, = (3i+ 2j+ 6k) - (i + 2 + 2k)
=3x14+2x2+6%x2

=3+4+12
19

— =
0sQ=7x3

19
= Q=cos™! —)
Q’ 21

(i1) The given lines are parallel to the vectors, b, =i—j—2kand b, = 3i — 5] — 4k
respectively.
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a by =2+ (-2 +(-2)2 =6

by| = J(3) + (=5)% + (—4)? = V50 = 5v2
b, -b, = (i—j— 2K) - (3i — 5] — 4k)
=1-3—-1{(-5)-2(-4)

=3+5+8

=16

|
[b, |[B,]
6 16 16
V6-5v2 VZV3-5vZ 10V3

0s0Q

=cosQ =

8
:}c-JsQ:E

- -1(_8
= = CDS8 (—)
Q 543,

Find the angle between the following pair of lines:

X—2 =1 Z+3 X+2
: —and —

. z—5
(1) R TR 1 4

-4
a8

-+ z x¥=5 =2 23

(lijc=t=Zand " =T"=="
2 . 1 -+ 8

Solution:

Let b; and b, be the vectors parallel to the pair of lines,

(1)
x—2 y—1 Z+3 x+2 ¥—4 -5
2

|

|

|

|
E
|

|

|

|

|

~ b, =21 +5]—3kandb, = —i+ 8] + 4k
|by| = (2)2 + (5)> + (-3)* = V38

b, = J(-1)2+ (8)2 + (4)2 =VB1 =9
b, -b, = (2i + 5] — 3k) - (=i + 8] + 4k)
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=2(-1)+5x8+(-3)-4

=—-2+40-12

= 26

The angle Q between the given pair of lines is given by the relation,

b,-b
c0sQ = [ ==~
[b,|b, |
= cosQ) = =
938

=Q=cos? (qff_i_a]

ii) Let by, b, be the vectors parallel to the given pair of lines,

—

-

_c -5 23 x 2 ;
=2 =27 and £ =¥ = Z respectively.
1 B 2 2 1

i |

,=2i+2j+k

= S = gl

, =4i+j+ 8k

A by =22+ (22 +(1)2 =9 =3
b, =VAZ+1Z2+82=+B1=9
b,-b,=(2i+2j+ k) - (4i+]+8k)
=2x4+2x1+1x8

=8+2+8
=18
If Q is the angle between the given pair of lines, then cosQ = I;II-I}%&-I
. 18 2
s T
2 Q=cos™? %
Find the values of p so the line ? = ?yz—pn = ? and ?;pm = ? = ? are at right

angles.

Call: +91 - 9686 - 083 - 421 Page 13 of 54 www.vikrantacademy.org




13.

VIKRANTADAD=MY"

Solution:

Given equations can be written in the standard form as

x-1  y-2 _ z-3 x-1 _ y-5  2-6
— =g =—ad—mF=—=—
-3 = z 5 1 -5

The direction ratios of the lines are —3,2?—”, 2 and %, 1, =5 respectively.

Two lines with direction ratios, a,, by, c, and a,, b,, c; are perpendicular to each other, if
dyda i b-_lhz + CiCx = ﬂ

(—3).(_?3])) + (E?P) f1) +2.(~5) =0

9p  2p
P ST
A

= 11p=70
70

Therefore, the value of p is E.

. X—5 y+2 z X ¥ z .
Show that the lines e and == e perpendicular to each other.
Solution:
. . i A ¥—5 y+2 =z X Vv z
Equations for the given lines are given as: T .~ and i

Direction ratios for the respective lines are: 7,—5,1 and 1, 2, 3.

Two lines with direction ratios, a,, by, c; and a;, by, c; are perpendicular to each other,
“rhﬂn dyds + ble + C1Cp = ﬂ

ZTX14+(-5)x2+1x3
=7-10+3
=0

Hence, the given lines are perpendicular to each other.
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14. Find the shortest distance between the lines
F=(i+2j+k)+A(i-j+k)and
2i—j—k+p(2i+j+2k)

=
Il

Solution:

Equations for the given lines can be written as:
r=({+2j+k+AMi-j+k
r=2i—j—k+pi+j+2k

We know that the shortest distance between the lines, ¥ =3, + Ab, and ¥ = 3, + IlEZ, IS
given by,

(byxba )-(@2—d,)
|b1 Xhzi

28 ‘ )

Comparing the given equations, we get

a=i+2j+k
b,=i—-j+k

d,=2i-j-k
b, =2i+j+2k

i

4, -3, =Qi-j-b-(@+2+k=i-37-2k

U
b xb,=)1 -1 1
2 3 2

byxb,=(-2-1i-(2-2)j+ (1 +2)k=-31+3k
= [by, xb,y| =/(-3)2+ 32 =V9+ 9 =V18=3V2

Substituting all the values in the equation (i), we get

3= |{—31+3ﬁ]-{1—3]—2§]

32
gl A +3(=2)|
3WZ |
i
a2d=}—
W2
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3 3Ix+Z 32

Y e

Thus, the shortest distance between the two lines 1s % units.

15. Find the shortest distance between the lines

¥+1 v+l z+1 x—3 y-5 z-7
7 —6& 1 bt =3 1

Solution:

Given lines are:

X+1  y+1 z+1 -3 y-5 z-7
Fi —&: 1 1 =32 1

We know that the shortest distance between the two lines is:

XX ¥y-y -2 X—X V¥ 2
1 — 1 = 1 ﬂ"d 2 — 2 -

Ta '
* is given by,

a4 by Ci d3 bs C3
Xa—X; ¥Yzi=¥Va Za— i
dy by €1
L dz by €z |::|

J(byez—bae, )2+ (cqa —cady )2 +(a, ba—azh, )2
Comparing the given equations, we get
3=-1 y,=-1 2z, =-1
2y =7 by==86; ¢ =1
X=3, y2=5, 2,=7
a,=1 b,=-2, ¢,=1

Xz — X1 Yz2—"V1 Zp— 2 4 6 8
Therefore, iy b, Cy =17 -6 1
a, b, [ ¥ =7

= 4(—6+2)—6(7—1) +8(-14 +6)
= —16 — 36 — 64
= —116

e J{hjcz —bzcy)? + (c1a; — cza4)* + (a;b; —azb,)?
=(—6+2)2+ (1+7)2 +(—14 +6)2

Call: +91 - 9686 - 083 - 421 Page 16 of 54 www.vikrantacademy.org




VIKRANTADAD=MY"

=v16 + 36 + 64
=+v116
= 2v29

Substituting all the values in equation (i), we get

g_—116 58 -2x29
24/29 29 V29

¥+1 _ y+1 —Hltﬂd

As distance is always non-negative, the distance between the lines — = — =

—2vJ29

i O o W

= " is 24/29 units.
1 =32 1

16. Find the shortest distance between the lines whose vector equations are
F=(1+2j+3k)+A(-3]+2k)
and ¥ = 41 + 5] + 6k + p(2i + 3] + k)

Solution:
Vector equations of the given lines are:
F=i+2j+3k+A(f—3j+2k)and T = 4i + 5]+ 6k + p(2i + 3j + k)

We know that the shortest distance between the lines, ¥ = @, + Ab, and ¥ = 3, + pE'z.
The given lines are given by,

by xby)-(Fy—3;) ;
d = {1—.':—— o
| |6y =Bz | | (1)

Comparing the given equations with & = 3, + Ab, and ¥ = 3, + pb,

a=i+2j+3k
b, =1—3j+ 2k
3, = 4i + 5] + 6k
b,=2i+3j+k

a,—a,=(4i+5+6k)—(1+2j+3k)=31+3]+3k
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L 3 & N R
byxb,=|1 —3 2|=(-3-6)i—(1-4)j+ (3 +6)k=—9i+3j+9k
Z & i

= |by xby| =/(=9)2 + (3)2 + (9)2 = VB1 + 9 + 81 = V171 = 3V19
(b, x b,) - (3, —a,) = (—9i+ 3j + 9k) - (3i + 3] + 3k)
=-9x3+3x3+9x%x3

=9

Substituting all the values in equation (1), we get

9 3
il =5
3V19l V19
Thus, the shortest distance between the two given lines is v% units.

Find the shortest distance between the lines whose vector equations are
F=(1-t)i+(t—2)j+(3—2t)kand
F=(s+1)i+(2s—1)j—(2s+ 1Dk

Solution:
The given vector equations are;

=(1-0i+(t—2)j+(3-20k

L 1

=>7=(1—2j+3k)+t(-i+j—2k) ..(0)
F=(s+1)i+(2s—1)j—(2s+ 1k
=>F=(i—j—k)+s(i+2j—2k) ..(i)

We know that the shortest distance between the lines, 7 = 3a, + JLE, andt =3, + |.lE2, is
given by,

(E'I sz]"tﬁz -3}
b, %o

o]

..(111)
For the given equations we have:

d, =1-=2j+3k

--F'-l
I

—i+j-2k
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-~

a,=i-j—k

b, =i+2j-2k

a,-a,=>G0-]-k-({-2/+3k)=j—4k

aean B 1 K " "

by xb, =|-1 1 —2|=(-2+4)i-(2+2)j+(-2-1)k=2i-4j-3k
1 2 -2

= |by xby| =(2)2+ (42 + (-3)2=Va+ 16 +9 =29
o (byxby) (3, —d,)=(21—4-3k)-(j—4k) =—4+12=8

Substituting all the values in equation (iii), we get

d=| ===
V29 29
Thus, the shortest distance between the lines is ‘% units.

Exercise 11.3

. In each of the following cases, determine the direction cosines of the normal to the plane
and the distance from the origin.

(A)z=2
(Byjx+y+z=1
(C)2x+3y—z=1>5
(D)5y+8=0

Solution:
(a) Given:
The equation of the plane is z = 2
The above equation can be rewrittenas 0x+0y+z=2 ...(i)
The direction ratios of the normal are 0,0 and 1.
Ao+ +12=1
Dividing both sides of equation (1) by 1, we get:
Oxx+0xy+1xz=2
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Thus, this is of the form Ix + my + nz = d where 1, m, n are the direction cosines of
normal to the plane and d is the distance of the perpendicular drawn from the origin.
Hence, the direction cosines are 0,0 and 1.
The distance of the plane from the origin is 2 units.
(b) Given:
The equation of the plane isx+y+z=1 ...(i)

The direction ratios of normal are 1,1 and 1.

AP +(1)2+(1)2 =43

Dividing both sides of equation (i) by V3, we get:

1 1 e x
ﬁx+ﬁy+ﬁz—ﬁ (1)

Thus, this equation is of the form Ix + my + nz = d, where |, m, n are the direction
cosines of normal to the plane and d is the distance of normal from the origin.

. o . 1 1
Hence, the direction cosines of the normal are —, —

1 .
N and = and the distance of normal

from the origin is —= units.,
V3
(¢) Given:
The equation of the plane is 2x+ 3y —z =5 ...(i)

The direction ratios of normal are 2,3 and —1.

222+ (3)2+ (-1 =14
Dividing both sides of equation (i) by +/14, we get:

2 3 1 5

K Fr == =0
Fi: Tl w1

Thus, this equation is of the form Ix + my + nz = d, where I, m, n are the direction
cosines of normal to the plane and d is the distance of normal from the origin.

. . < 2 3 =1
Hence, the direction cosines of the normal to the plane are —, — and — and the
vid4 W14 vid4
5

Ty units.

distance of normal from the origin is

(d) Given:
The equation of the plane is 5y + 8 = 0
= 0x—-5y+0z=8 ..(i)

The direction ratios of normal are 0, —5 and 0.

~y0+(-52+0=5
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Dividing both sides of equation (i) by 5, we get:

B

Thus, this equation is of the form Ix + my + nz = d, where |, m, n are the direction
cosines of normal to the plane and d is the distance of normal from the origin.

Hence, the direction cosines of the normal to the plane are 0, —1 and 0 and the distance
of normal from the origin is g units.

. Find the vector equation of a plane which is at a distance of 7 units from the origin and
normal to the vector 31 + 5] — 6k.

Solution:

Given:

The normal vector is, i = 31 + 5] — 6k

n 3i+55—6k  3i+5]-6k

Bl /GZ+GE+6)Z V70

We know that the equation of the plane with position vector ¥ given by I.fi = d

o (3i+5T—5R) s
' V70
31+51—5E)

Hence, the vector equation of the required plane is . ( =
N

=7

. Find the Cartesian equation of the following planes:
(a)t-(i+j—k) =2

(byt-(2i+3j—4k) =1

(e)f-[(s—20i+ (3-t)j+ (2s+ t)k] = 15

Solution:

(a) Given:
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The equation of the plane is . (i +j — E) =2 .0

For any arbitrary point P(x, y, z) on the plane, the position vector T is given by,
F=xi+yj+zk

Thus, by substituting the value of T in equation (i), we get:
(xi+yj+zk)(i+j—k)=2

(xx1)+(yx1)+(zx-1)=2

> Xty—z=2

Therefore, x + y — z = 2 is the required cartesian equation of the given plane.
(b) Given:

The equation of the plane is T. (2i + 3] — 4k) = 1 ...(J)

For any arbitrary point P(x,y, z) on the plane, the position vector T is given by,
P=xi+yj+zk

Thus, by substituting the value of T in equation (i), we obtain
(xi+yj+zk)(21 +3j—4k) =1

= 2x+3y—4z=2

Therefore, 2x + 3y — 4z = 2 is the required cartesian equation of the given plane.
{c) Given:

The equation of the plane is T. [(s — 2t)i+ (3 —t)j + (2s + t)k] = 15 ...(i)
For any arbitrary point P(x,y,z) on the plane, position vector T is given by,
F=xi+yj+zk

Thus, by substituting the value of T in equation (i), we obtain
(xd+yj+zk)[(s—20)i+ (3—-t)j+ (2s + k] = 15

= (s—-200x+(3-ty+(2s+t)z=15

Therefore, (s — 2t)x + (3 — t)y + (2s + t)z = 15 is the required cartesian equation of
the given plane.

. In the following cases, find the coordinates of the foot of the perpendicular drawn from
the origin.

(A)2x+3y+4z—-12=0
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(B)3y+4z—6=0
(Clx+y+z=1
(D)5y+8=0

Solution:
(A) Given:
The equation of the plane 1s 2x+ 3y + 4z - 12 =0

Consider the coordinates of the foot of perpendicular P from the origin to the plane be
{:xla Fll Zl)'

2x+3y+4z—12=0

= 2x+3y+4z=12 ..(i)

The direction ratios of normal are 2,3 and 4.

=22+ (3)2 + (4)2 =29

On dividing both sides of equation (i) by v29, we obtain

28 . s I
o T mY T mET I

Thus, this equation is of the form Ix + my + nz = d, where I, m, n are the direction
cosines of normal to the plane and d 1s the distance of normal from the origin.

The coordinates of the foot of the perpendicular are given by (1d, md, nd).

SD ( 2 » 12 3 12 3 12)_ (24- 36 43)
L W T R LT R T LT T T I T LT R
. : 24 36 48
Hence, the coordinates of the foot of the perpendicular are (—,—,—).
29 49 29
(B) Given:

The equation of the plane is 3y +4z—6 =10

Consider the coordinates of the foot of perpendicular P from the origin to the plane be
(X1, Y1, 24).

Jyt+t4z—-6=0

=0x+3y+4z=6 ..(1)

The direction ratios of the normal are 0,3 and 4.
aJo+32+42=5

On dividing both sides of equation (i) by 5, we obtain
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3 4 [
Ox +EF+EZ =-

5

Thus, this equation is of the form Ix + my + nz = d, where I, m, n are the direction
cosines of normal to the plane and d is the distance of normal from the origin.

The coordinates of the foot of the perpendicular are given by (Id, md, nd).

3 & 4 =] 18 24
So, (0.2%%,4x ) = (0.22,2)
5 5° 8 5 25" 25

Hence, the coordinates of the foot of the perpendicular are (ﬂ,g, E)

(C) Given:
The equation of the plane isx+y+z=1

Consider the coordinates of the foot of perpendicular P from the origin to the plane be
(%1, Y1, 24)-

x+y+z=1 ..{i}

The direction ratios of the normal are 1,1, and 1.

AV1Z+12+12 =43

On dividing both sides of equation (i) by 3, we obtain

1 1 W

Xt RV RT3

Thus, this equation is of the form Ix + my + nz = d, where I, m, n are the direction
cosines of normal to the plane and d is the distance of normal from the origin.

The coordinates of the foot of the perpendicular are given by (1d, md, nd).
1 1 1 1 1 5 00 L, 1 1 1

Gxmw e s =63

Hence, the coordinates of the foot of the perpendicular are E,i,%)

(D) Given:

The equation of the plane is 5y + 8 = 0

Consider the coordinates of the foot of perpendicular P from the origin to the plane be
(X1, ¥1.24).

S5y +8=0
=>0x—-5y+0z=8 ..(i)

The direction ratios of the normal are 0,—5, and 0.

ny0+(=52+0=5
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On dividing both sides of equation (i) by 5, we obtain
8

Thus, this equation is of the form Ix + my + nz = d, where |, m, n are the direction
cosines of normal to the plane and d is the distance of normal from the origin.

The coordinates of the foot of the perpendicular are given by (ld, md, nd).

(0,-1x%,0)=(0,-Z,0).

Hence, the coordinates of the foot of the perpendicular are (ﬂ, - E . IJ)

Find the vector and Cartesian equation of the planes
(a) that passes through the point (1, 0, —2) and the normal to the plane is T +j — k.

(b) that passes through the point (1, 4, 6) and the normal vector to the plane is i — 2j + k.

Solution:

(a) Given:

The position vector of point (1,0,—2) isa =1— 2k

So, the normal vector N perpendicular to the planeis N =1+j—k
The vector equation of the plane is given by, (F —3).N =0
= [f—(i-2k)]-(i+i-k) =0 ..00)

I is the position vector of any point P(x,y, ) in the plane.

. E=xi+yj+zk

Hence, equation (1) becomes

[(xi+yj+2zk) - (1—2k)]-(i+j—-k)=0

= [(x—1i+yj+@z+2)k]-(i+j-k)=0
2x-1)+y—(z+2)=0

2xt+ty—z—3=10

=>Xt+y—z=3

Therefore, x + y — z = 3 is the cartesian equation of the required plane.
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(b) The position vector of the point (1,4,6)1sa =1+4j+ 6k
The normal vector N perpendicular to the plane is N=i-2+k
The vector equation of the plane is given by, (f —3).N = 0

> [F-(i+4j+6K)]-(i-2+k)=0 ..()

I is the position vector of any point P(x,y,z) in the plane.

s F=xi+yj+zk

Hence, equation (1) becomes

[(xi+yj+2k)— (i+4j+6k)]-(1-21+k) =0

= [x—Di+(y—4j+(@z-6)k]-(i—-21+k)=0
=>x-1)-2(y—4)+(z—-6)=0

=x—2y+z+1=0

Therefore, x — 2y + z + 1 = 0 is the Cartesian equation of the required plane.

. Find the equations of the planes that passes through three points.
(a) (1,1,—1), (6,4, -5),(—4,-2,3)
(b) (1,1,0).(1,2,1),(-2.2,-1)

Solution:

(a) The given points are A(1,1,—1), B(6,4,—5) and C(—4,-2, 3).

1 3 =
6 4 -—5/=(12—10)—(18—20)—(—12+16)
—4 =2 3

=2+2—4

=0

Since A, B, C are collinear points, there will be infinite number of planes passing through
the given points.

(b) The given points are A(1,1,0),B(1,2,1) and C(—2,2,—1).
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I W
1 2 1|=(=2-2-@2+2)=-8=0
3 B

Therefore, a plane will pass through the points A, B, and C.

We know that the equation of the plane through the points (x,,y,,2,), (X5, y2,2,) and
(%Xa,¥3,23) 1S
X=X YV -7
X=X Ya—¥V1 L%
X3 =X ¥Ya—¥1 Z3—%4
x—1 y=%F &
0 1 1
-3 1 -1
=2 (-2)(x—-1)-3y—-1)+3z=0
=-2x—3y+3z+2+3=0

= —2x—3y+3z=-5

=0

=h =10

= 2x+3y—3z=5
Thus, 2x + 3y — 3z = 5 is the Cartesian equation of the required plane.

. Find the intercepts cut off by the plane 2Zx+y—z =15

Solution:

Given:

2x+y—z=5 ..(i)

On dividing both sides of equation (i) by 5, we obtain

2 y z
gxts—g=1

s-+i+L =1 ..(i)

= 5 =5
2

We know that the equation of a plane in intercept form is E + J—I; +§ = 1, where a, b, c are
the intercepts cut off by the plane at x, y and z axes respectively.

Thus, for the given equation,

a=§,h=53ndc=—5
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Therefore, the intercepts cut off by the plane are ;, 5 and —5

8. Find the equation of the plane with intercept 3 on the y-axis and parallel to ZOX plane.

Solution:
Given:

The plane is parallel to ZOX plane is as shown in figure.

The equation of the plane with intercepts a, b, ¢ on x, y, and z axis respectively.
Thus, the intercept on x-axis = 0

~a=10

And, the intercept on z-axis = 0

~c=0

Since the y-intercept of the plane is 3,

~b=3

So, equation of a plane

Hence, the equation of the required plane isy = 3
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9. Find the equation of the plane through the intersection of the planes 3x —y+2z—-4 =10
and x + y+z — 2 = 0 and the point (2,2, 1).

Solution:

The equation of any plane through the intersection of the planes,
3x—y+2z—4=0andx+y+z—2=0i1s
(3x—y+2z—4)+alx+y+z—2)=0,wherea e R ...(i)
The plane passes through the point (2, 2, 1).

Thus, this point will satisfy equation (1)
a(@BXI=ZFERI=Hda(2+2+1-2)=10

=2+3a=0
2
Sa=—=
3
By substituting o = —E in equation (1), we obtain

2
(3x—y+22—4)—§(x+}'+z—2}=0
= 3Bx—y+2z2—4)-2x+y+z-2)=0
= (Ox—-3y+6z—-12)-2(x+y+z—-2)=0
= 7x—5y+4z—-8=0
Therefore, 7x — 5y + 4z — 8 = 0 is the required equation of the plane.

10. Find the vector equation of the plane passing through the intersection of the planes

£-(2i+2j—3k) = 7,7 (21 + 5 + 3k) = 9 and through the point (2, 1,3).

Solution:
It is given that the plane passes through ¥ - (2i + 2j —3k) = 7 and #- (21 + 5] + 3k) = 9
The equations of the planes are

=7 (2i+2/—-3k)—-7=0 ...31)
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F-(2i+5]+3k)-9=0 ..(i)

So, the equation of any plane through the intersection of the planes given in equations (i)
and (ii) is given by,

[F-(2i+2j—3k) — 7] + A[f- (21 + 5§ + 3k) — 9] = 0, where A € R
r-[(2i+ 2§ — 3k) + A(2i + 5]+ 3k)| =9+ 7
F-[(2+20)i+ (2 +50)j+ (3A—3)k] =9+ 7 ...(iii)
The plane passes through the point (2, 1, 3).

Therefore, its position vector is given by,

F=21+2j+3k

By substituting in equation (iii), we obtain

(2i+7-3k) - [(2+20)i+(2+50)j+ (3A—3)k] =94+ 7
(2+280)+2+50)+(3A-3)=9A+7

= 18A-3=9A+7

=94 =10

10
=R =
9

Hence, by substituting A = ? in equation (ii1), we obtain

3 (33“+ﬁﬂ“+3ﬁ)—1?
U T L

=7 (38i + 68j + 3k) = 153

Therefore, T - (381 + 68 + 3k) = 153 is the vector equation of the required plane.

Find the equation of the plane through the line of intersection of the planes x+y+z =1
and 2x + 3y + 4z = 5 which is perpendicular to the planex —y+z =0

Solution:

The equation of the plane through the intersection of the planes, x+y+z =1 and 2x +
3y +4z=>51s

(x+y+z—1)+A(2x+3y+4z—-5)=0
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=2 2A+1D)x+GA+1)y+(4A+1)z—(5A+1)=0 ...(1)

The direction ratios, a,, by, c; of this plane area (2A + 1), (31 + 1) and (44 + 1).
The plane in equation (i) is perpendiculartox —y+z =0

Its direction ratios, a,,b,,c; are 1,—1 and 1.

Since the planes are perpendicular,

a;a; +b,b, +c,c, =0

=2 (2A+1)-(BA+1)+ (4L +1)=0

=231+1=0

|
S A=—-
3

- . 1. . . .
By substituting A = — = in equation (i), we obtain

i 1 +2 5
3x~32*+3=

=>x—-z+2=0

Therefore, x — z + 2 = 0 is the required equation of the plane.

12. Find the angle between the planes whose vector equations are

- (2i+2j—3k)=5and - (31— 3j+5k) = 3

Solution:
The equations of the given planes are ¥+ (2i + 2j — 3k) =5and¥- (31 — 3]+ 5k) = 3

We know that if i, and T, are T- 1y = d; and - n; = d; normal to the planes, then the
angle between them is given by Q,

ﬁl'ﬁz

cosQ = ...(i)

Imiy Izl
Here, i, = 2i+ 2j — 3kand 11, = 31 — 3j + 5k
~ T, - Ty = (21 + 2§ — 3k)(31 - 3j + 5k)
=23+2-(-3)+(-3)-5=-15

] =V(2)2+(2)2 +(-3)2 =V17
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| = J@P + (32 + (5)F = V43

By substituting the value of fi - Ti,, |1 | and |ii,|

—15
50 =7 vam
=cosQ) = —
V731
15
Ei -1
= ) = cos (ﬁ)

Hence, the angle between the planes for the given vector equations is cos ™! ( %)
7

In the following cases. determine whether the given planes are parallel or perpendicular
and in case they are neither, find the angles between them.

(a) 7x+5y+6z+30=0and3x—y—10z+4=10
(b)2x+y+3z—2=0andx—2y+5=0
(c)2x—2y+4z+5=0and3x—3y+6z—1=0
(d)2x—y+3z—1=0and2x—y+3z+3=0
(e)4x+8y+z—8=0andy+z—4=10

Solution:

The direction ratios of normal to the plane. L;:a,x+ b,y + ¢,z =0 are a,,b,,c, and
L:a;x+b,y+c,z=0area,b,,c,

LAy b, Cy
Ly|Ly if =2t =2
1” BT Ba G

L 1L, ifa;a, +bb, +c,c; =0

Thus, the angle between L, and L, is given by,

a,a, +b,b, 4+ ¢;c,

Ja§+hf+cf-,#a§+h§+c§

(a) The given equations of the planesare 7x + 5y +6z+ 30 = 0and 3x —y— 10z + 4 =
0

1

Q = cos™
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Here,a;,=7.b;=5,¢, =6

a,=3b,=-1¢,=-10

a;a; +bib, +cic; =7Tx34+5%X(-1)+6x(—10)=—-44 %0
Hence, the given planes are not perpendicular.

3_1_?1::, 5 Ci 6 —_3

2 "3 Y, TS

b
It can be observed that, 22 # 22 2 2
dg hz Co

Therefore, the given planes are not parallel.
So, the angle between them is given by,
| 7X3+5x(—1)+6 x(-10)
Q =cos™!
V@7 + G2 +(6) x/(3)? + (-1)? + (—10)?
| 21—=5-60
= €05
IVT10 x V110
44

1

110
12

) = cos .

= Cos™

(b) The given equations of the planes are 2x+y+3z—-2=0andx—-2y+5=10
Here,a;, = 2,b; =1,¢c;, =3anda, =1,b,=-2,c, =0

saga; thbatoe=2x14+1Xx(-2)+3x0=0

Therefore, the given planes are perpendicular to each other.

(c) The given equations of the given planesare 2x — 2y + 4z + 5 = 0 and 3x — 3y + 6z —
1=0

Here,a; = 2,b; — 2,c;, =4anda, =3,b, =—-3,c; =6
ﬂlaz+b1h2+{:1['2=2X3+(—2}(—3]+4Xﬁ=ﬁ+ﬁ+24=35iﬂ

Hence, the given planes are not perpendicular to each other.

Therefore, the given planes are parallel to each other.

(d) The given equations of the planes are 2x —y+3z—1=0and2x—y+3z+3 =10
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dy = Z,bi = _].,Ej_ =3 HI‘Id dg = z,bz = _1,[.'2 =3
Here,

a 2 b -1 C 3
ZY=-=]"=—=land—=-=1
H.2 2 h2 _1 Ez 3

4 by o
“a, b, ¢
Therefore, the given lines are parallel to each other.
(e) The given equations of the given planesare 4x+8y+z—-8=0andy+z—-4 =10
dy = 4,]:!1 = E,Ei = lﬂﬂdaz = n,bz = 1,C2 =]
Here,
a;a; +bby 4+ =4X04+8x14+1=9%0
Hence, the given lines are not perpendicular to each other.
a, 4b, 8 A |
2 l___gtl="=1
a; O0b; 1 c; 1
a; by ¢
a, b, g
Thus, the given lines are not parallel to each other.
So, the angle between the planes is given by,
1 4x0+8x1+1x1

() = cos
IWaz 82 + 12 x V02 + 12 + 12

9
9x+2

- (i,) = 45°

W

= £o§ 1 |

14. In the following cases, find the distance of each of the given points from the corresponding
given plane.

Point Plane

(a) (0,0,0)3x—4y +12z=3
(b) (3,-2,1)2x—y+2z+3=0
(c) (2,3,-5)x+2y—2z=9
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(d) (—6,0,0)2x — 3y +62—2=10

Solution:

We know that the distance between a point p(x,,y,,2,) and a plane Ax + By +Cz =D is
given by,

__ |Ax;+By,+Cz,-D .

= [P 0
(a) The given point is (0,0, 0) and the plane is 3x — 4y + 12z = 3

il 3::<n—4:-cu+12>cn—3|_ 3 3

JER+(—42+(12)%] 169 13

(b) The given point is (3,—2, 1) and the plane is 2x —y+2z+3 =0

2x3—(=2)%Zx1+3 13 13
o d = — | = [—| =—
22+ (-1 4 (2)2 3 3

(c) The given point is (2, 3,—5) and the plane isx + 2y — 2z =9

2+2x3-2(-5)-9| ¢
JaZ 422+ (2% 3

L

=3

(d) The given point is (—6,0,0) and the planc is 2x — 3y + 6z — 2 =0

2(—6)—3x0+6x0—2 i—14 14
ot d == = - = —| = — = 2
J(2)2+(—3)2+(6)2 lvasl — 7
Miscellaneous

Show that the line joining the origin to the point (2,1, 1) is perpendicular to the line
determined by the points (3, 5, -1), (4, 3,-1).

Solution:
Let OA be the line joining the origin, 0(0, 0, 0) and the point, A(2, 1, 1).
Also, let BC be the line joining the points, B(3,5,—1) and C(4,3, —1).

The direction ratios of OA are 2,1 and 1 and the direction ratios of BC are (4 —3) =
1,(3-5)=-2and(-1+1)=0

Now,
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alaz'l'hjhz'l'cl'f:z=2x1+1(_2)+]x9=2_2=:}
a1ﬂz+b1h2+[.'1[.'2 =ﬂ

Therefore, OA is perpendicular to BC.

2, Ifl,,my,n, and l,, m,, n, are the direction cosines of two mutually perpendicular lines,
show that the direction cosines of the line perpendicular to both of these are myn, —
m,ny, n; L —n.ly, Iim; — Lm,.

Solution:

It is given that l;,my,n; and l,,m;, n, are the direction cosines of two mutually
perpendicular lines. Thus,

LI, +mym, +nn: =0 ...(1)
Z4+mi+ni=1 ..(ii)
2 +ms 4+ n3 =17, (i)

Let 1, m,n be the direction cosines of the line which is perpendicular to the line with
direction cosines 1, my, n; and 1, m,, n,.

~ 1l +mm, +nn, =0
Il, + mm, +nn, =0

1 m n

Tmyny—man;  mh—nbV Lmg =L

2 m? n?

(myna—meny 3 (nyly—nyl)2  (1ymy—lamy)?

P+m?+n?

(myne—mang J2+(ngla—naly 1240y me—lam, )2

.(1V)

|, m, n are the direction cosines of the line.

tE+mr =1 ..(W)

We know that,

(12 + mi + n3)(152 + m2 + n3) — (1,1; + m;m; + nyn,)?
= (myn; — m,n,)* + (n,l; — ny1,)* + (I;m, — I,m,)?
From (1), (i1) and (111), we obtain

=2>1x1-0= [mlnz + mzn-_l)z + (nllz - |12l1)2 + {]lmz f— Izml)z
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s (myng = myny)? + (nyly =zl )2 + (Ihmy = bmy )2 =1 ...(vi)

Substituting the values from equations (v) and (vi) in equation (iv), we obtain

2 n?
- -4 - - } — -4 1
fm1ﬂ2 = mzﬂﬂ'z {ﬂzlz =2 n2]1)2 (hmz £ Izmijz

& m

= ]. =mMyN; —Myhy, M = 1'1112 - nzl.-l,n = I.-lmz - ]2]1‘11

Hence, the direction cosines of the required line are myn; — m;ny, nyl; — n;l; and lym, —
l,m
r St &

Find the angle between the lines whose direction ratios are a,b,cand b—c,c —a,a—b.

Solution:

The angle Q between the lines with direction cosines, a,b,candb — c,c —a,a — b is given
by,

| a(b—c)+blc—a)+cla—b)
Naz¥bztci+/(b-02+ (c—a)? + (a—b)?

cosQ

=cosQ=0
= Q =cos 10
= Q=90°

Hence, the angle between the lines is 90°.

Find the equation of a line parallel to x-axis and passing through the origin.

Solution:

The line parallel to x-axis and passing through the origin is x-axis itself.
Let A be a point on x-axis.

Thus, the coordinates of A are given by (a, 0,0), where a € R.
Direction ratios of OAare (a—0) = a,0,0

The equation of OA is given by,
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. If the coordinates of the points A,B,C,D be (1,2,3),(4,5,7),(—4,3,—6) and (2,9,2)
respectively, then find the angle between the lines AB and CD.

Solution:

It is given that the coordinates of A,B,C and D are (1,2,3),(4,5,7),(—4.3,—6) and
(2,9, 2) respectively.

The direction ratios of ABare (4 —1)=3,(5—-2)=3and (7—3) = 4
The direction ratios of CD are (2 — (—4)) = 6,(9—3) =6 and (2— (—6)) =8

a b c 1
Itcanbeseenthat 2t =—=—_2 ==
dy h2 Cx 2

Therefore, AB is parallel to CD.

Hence, the angle between AB and CD is either 0° or 180°.

, -1 y-2 z-3 =1 y-1 28 :
. If the lines — = — = — and — = — = — are perpendicular, find the value of k.
-3 2k 2 3k 1 =b
Solution:
. . x—1 —2 z—3 Xx—1 =1 Z—6 .
Given: Two lines = =YX==2" and = =" =22 ar¢ perpendicular to a,a, +
=3 2k . 3k 1 =5
hj_hz + C4Cy = 0
’ . ; : -1 y-2 z-3 -1 y-1 I-6
The direction of ratios of the lines, T and S e —3,2k, 2 and

3k, 1, —5 respectively.

We know that, two lines with direction ratios, a,;, by, c; and a;, by, c; are perpendicular if
a,a, +b;b, +c,c, =0
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& —3(3k) +2k x 1+2(-5)=0
= —9k+2k—10=10

= 7Tk = —-10
~10
ask==——
7
Therefore, for k = —1—:, the given lines are perpendicular to each other.

. Find the vector equation of the line passing through (1, 2, 3) and perpendicular to the plane
r-(i+2j—5k)+9=0

Solution:
Given: The position vector of the point (1,2,3) isT, =1+ 2j + 3k

The direction ratios of the normal to the - (i + 2j — 5k) + 9 = 0 plane are 1,2 and the
normal vector is N = i + 2j — 5k

The equation of a line passing through a point and perpendicular to the given plane is given
byl=f+2AN, A€R

= 1= (i+2]+3Kk) + A(i + 2j — 5k)

Therefore, the required equation is 1 = (i + 2j + 3k) + A(i + 2j — 5k).

. Find the equation of the plane passing through (a, b, c) and parallel to the plane
t-(i+j+k)=2

Solution:

It is given that equation parallel to the plane is ¥, - (i +j+ E] =2
F-(i+j+k) =4 ..(i)

The plane passes through the point (a, b, c).
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Therefore, the position vector F of this point is ¥ = ai + bj + ck
Thus, equation (i) becomes

(ai+bj+ck)-(i+j+k)=2

=at+b+c=A

Substituting A = a + b + c in equation (i), we obtain
E(i+j+k)=a+b+c ..(ii)

This is the vector equation of the required plane.

Substituting T = xi + yj + zk in equation (ii). we obtain
(xi+yj+zk)-(i+j+k)=a+b+c
=>xty+z=atb+c

Hence, the equation of the plane in cartesian formis x+y+z=a+b+c

. Find the shortest distance between lines T = 61 + 2j + 2k + A(i — 2j + 2k)
and F = —4i — k + p(31 — 2j — 2k)

Solution:

Given lines are:

F=6i+2j+2k+A(i — 2j + 2k) ...(i)

F=—4i—k+p(31-2j - 2k) ...(i)

We know that, the shortest distance between two lines, ¥ =3, + PLEI andt =3, + J.Ez is

given by

...(iii)

d= ‘[El "CE;Z }'ﬁz —dy)
|by xby]

Comparing ¥ = @, + Ab; and ¥ = @, + Ab; to equations (i) and (ii), we obtain
3, = 61+ 2j + 2k

b, =1-2j+ 2k

a, =—4i-k

Call: +91 - 9686 - 083 - 421 Page 40 of 54 www.vikrantacademy.org




10.

VIKRANTADAD=MY"

b, =31—2]—2k
=3, —a, = (—4i—k)— (6i + 2j + 2k) = —10i — 2j — 3k

o o |E T K
=byxb;=|1 -2 2
3 -2 -2

=(4+4)i—(-2-6)j+(—2+6)k=28i+8j+ 4k
~ |by xb,| = /(8)% + (8)2 + (4)2 = 12

(by xb,) - (@, — ;) = (8 + 8 + 4k) - (—10i — 2j — 3k)
=-80-16-12=-108
Substituting all the values in equation (1), we obtain
M=)
12

Hence, the shortest distance between the two given lines is 9 units.

Find the coordinates of the point where the line through (5, 1,6) and (3, 4, 1) crosses the
YZ-plane.

Solution:
It is given that the line passes through (5, 1,6) and (3, 4, 1) crosses the YZ-plane

We know that, the equation of the line passing through the points (x,,y,,z,) and
(xz,FZ,ZE]
X = ¥=¥i I

Xp—Xj ¥2—¥i I3—%4

is
The line passing through the points (5,1,6) and (3, 4, 1) is given by

=5 y—1 2-6
B-5 -4 48

-5 e | —6&
=2 . =5

=>x=5-2ky=3k+1,z=6-5k
Any point on the line is of the form (5 — 2k, 3k + 1,6 — 5k).
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The equation of YZ-plane is x = 0
As the line passes through YZ-plane, we get
5—-2k=0

5

:>3k+1—3x5+1—1?
B 2 ik

9
6—5k=6-5X-=—

—=13
2 2

Therefore, the required point is (ﬂ%ﬁ)

2

Find the coordinates of the point where the line through (5, 1,6) and (3, 4, 1) crosses the
ZX — plane.

Solution:
It is given that the line passes through (5, 1,6) and (3, 4, 1) crosses the ZX-plane

We know that, the equation of the line passing through the points (xy,yy,2z,) and
(xZJFZlZE]

o R e s S et |

Xp—Hy ¥Yo=¥y B2

is
The line passing through the points (5,1,6) and (3,4, 1) is given by

=5 _y-1 _ z—6

Eef ek - 1B

¥X—=5 ¥—1I ¥—6
2 3 -5
=>x=5-2ky=3k+1,z=6-5k

Any point on the line is of the form (5 — 2k, 3k + 1,6 — 5k).

= =k

As the line passes through ZX-plane, we get

3k+1=0
1

2>2k=--
3

Call: +91 - 9686 - 083 - 421 Page 42 of 54 www.vikrantacademy.org




12.

13.

VIKRANTADAD=MY"

Now,
1 17
nx_S—zk_s—zQE)_E-
1 23
33_5—5k_5—503)_3-

Hence, the required point is (% D%)

Find the coordinates of the point where the line through (3,—4,—5) and (2, —3, 1) crosses
the plane 2x +y +z = 7.

Solution:

The given line passes through (3, —4,-5) and (2, -3, 1) crosses the plane 2x +y +z =
7.
We know that the equation of the line through the points, (xy, y,,2,) and (x;, y,,2;)

X—X3 _ ¥-W¥W1 _ Z=E4
X3—Xy Y= Z3=2y

is
As the line passing through the points (3, —4, —5) and (2, —3, 1), its equation is given by

x=3 y+4 z+3
2—~3 —3+4 1+5

x—3 +4 Z+5

-1 1 #
=x=3-ky=k—4z=6k-5

Thus, any point on the line is of the form (3 — k, k — 4, 6k — 5).

This point lies on the plane, 2x +y+z =7

223-k)+(k—4)+(6k—5)=7

=5k—-3=7

e e

Hence, the coordinates of the required pointare (3 — 2,2 — 4,6 x 2—5) i.e.. (1,—-2,7).

Find the equation of the plane passing through the point (—1, 3, 2) and perpendicular to
each of the planes x + 2y + 3z =5and 3x + 3y +z = 0.
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Solution:

The equation of the plane passing through the point (—1,3,2) is (x+1) + b(y —3) +
c(z—2) =0 ...(i)where, a, b, c are the direction ratios of normal to the plane.

We know that, two planes ayx + byy + c;z+d; = 0and ayx + b,y + ;2 +d; = 0 are
perpendicular, if a,a, + byb, +c,c, =0

So, equation (1) is perpendicular to the plane x + 2y + 3z =5
caxXxl+bx2+cx3=0

=a+2b+3c=0 ..(i)

Also, equation (1) is perpendicular to the plane, 3x + 3y +z =10
~axXx3+bx3+cx1=0

=3a+3b+c=0 ..(H)

From equations (i) and (ii1), we get

a " b 0 c
2x1—-3x3 F N %32

a b ¢
:_—?—E—_—a—k(say]

=a=—Tk,b=8k,c=-3k

Substituting the values of a, b, and ¢ in equation (1), we get
—Tk(x+1)+8k(y—3)-3k(z—-2)=0

= (—7x—7)+(By—24)—3z+6=0

= —7x+8y—3z—-25=0

= 7x—8y+3z+25=0

Therefore, 7x — 8y + 3z + 25 = 0 is the required equation of the plane.

If the points (1,1,p) and (—3,0,1) be equidistant from the plane 7 - (37 + 4 — IEE) -
13 = 0, then find the value of p.

Solution:

The given points are (1,1,p) and (—3,0,1)
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The position vector through the point (1,1,p) isd, =i+ j + pk

Similarly, the position vector through the point (—3,0,1) is

i, = —4i+k

The equation of the given plane is 7 - (3i + 4j — 12k) + 13 =0

We know that, the perpendicular distance between a point whose position vector is d@ and

_ |a-N-d|

the plane, #- N = d, is given by D = 7]
In this condition, N = 3i + 4j — 12k and d = —13
Thus, the distance between the point (1, 1, p) and the given plane is

i |(i +j + pk) x (3i + 4j — 12k) + 13|
e

|3i + 4j — 12k|
[3+4-12p+13]
bt (12
= D, =212

13
Similarly, the distance between the point (—3,0, 1) and the given plane is
i |(=3i+ k) - (3 + 4j — 12k) + 13|
) |31 + 4] — 12k|
| —9—12 +13]
=D, =
32 +42 +(—12)2

jmzﬁumy

Since, it is given that the distance between the required plane and the points, (1,1, p) and
(—3,0,1) is equal.

e Dl = Dz
_J0-12p] _8
13 13

= 20—-12p=8or—(20—-12p) =28
= 12p=120or 12p = 28
jp=1mp=£

: 7
Hence, the value of p is | or 2.
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15. Find the equation of the plane passing through the line of intersection of the planes 7 -
(i+j+k)=1and7-(2i +3j— k) + 4 = 0 and parallel to x-axis.

Solution:

Given planesare 7+ (i+j+k)=1land7- (21 +3j—k)+4=0
Now, 7 (i+j+k)=1

=>7-(i+j+k)—1=0

F-(21+3/-k)+4=0

The equation of any plane passing through the line of intersection of these planes is
[F-(i+j+k)—1]+A[F-(2i+3j—k)+4]=0
FolA+1)i+GBA+D)j+(1-Dk]+ 41+ 1) =0 ..(i)

Its direction ratios are (24 + 1),(34 + 1) and (1 — 1).

The required plane is parallel to x-axis.

Therefore, its normal is perpendicular to x-axis.

The direction ratios of x-axis are 1, 0 and 0.

21X (2A+1D)+0BA+1)+0(1-4)=0

=221+1=0

.
i

Substituting A = —% in equation (1), we get
il By B =

s [—51 +§k] +(=3)=0

=>7(j-3k)+6=0

Thus, its cartesian equationisy —3z+6 =0

Therefore, y — 3z + 6 = 0 is the equation of the required plane.

16. 1f O be the origin and the coordinates of P be (1, 2,—3), then find the equation of the plane
passing through P and perpendicular to OP.
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Solution:

Given:

The coordinates of the points, 0 and P are (0,0,0) and (1, 2, —3) respectively.
Thus, the direction ratios of OP are (1-0)=1,(2-0)=2and (-3 -0) = -3
We know that, the equation of the plane passing through the point (x,, ¥, z,) is
a(x —x,) +b(y—y,)+ec(z—2,) =0

where a, b and ¢ are the direction ratios of normal.

Here, the direction ratios of normal are 1,2 and —3 and the point P is (1, 2, —3).
Therefore, the equation of the required plane is
1{ix—1)+2(y—2)—3(z+3)=0

=x+2y-3z—14=10

Hence, x + 2y — 3z — 14 = 0 1s the required equation of the plane.

Find the equation of the plane which contains the line of intersection of the planes

F-(i+2j+3k)—4=0,7-(2i+j—k)+5=0 and which is perpendicular to the
plane

F-(5i+3j—-6k)+8=0

Solution:
The given equations of the planes are

(i+2j+3k)—4=0 ..()

=i

=i

(2i+j-k)+5=0 ..(ii)

The equation of the plane passing through the line intersection of the plane given in
equation (1) and equation (ii) is

[F-(i+2j+3k)—4]+a[F- (2i+j-k)+5]=0
Fol2A+ )i+ (A+2)j+ (B -Dk]+(54—4) =0 ...(iii)
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The plane in equation (iii) is perpendicular to the plane, 7 - (51 + 3j — 6k) +8 =0
A52A+ 1D +3(A+2)—6(3-2) =0
=194-7=0

7
=Sl =
19

Substituting A = 1—2 in equation (ii1), we get
33, 45 50 .3-41
=7 ﬁi+ﬁj+ﬁk]ﬁ= 0
= 7-(331+45j+50k) —41 =0 ...(iv)
This is the vector equation of the required plane.

The Cartesian equation of this plane can be obtained by substituting # = xi + §j + zk in
equation (1ii).

(xi+yj+zk)-(33i +45j + 50k) — 41 =0
= 33x +45y + 50z — 41 =0
Therefore, 33x + 45y + 50z — 41 = 0 is the required equation of the plane.

Find the distance of the point (—1, —5, —10) from the point of intersection of the line ¥ =
2i —j+2k + A(3i +4j + 2k) and the plane 7 - (1 — j + k) = 5.

Solution:

The equation of the given line is

F=2i—j+2k+A(3i+4j +2k) ...(1)

The equation of the given plane is

F-(i—j+k)=5 ..(i)

Substituting the value of ¥ from equation (i) in equation (ii), we get
[2i—j+2k+A(3i+4j+2k)]-(i—j+k)=5

= [(3A+2)i+ (@A—1Dj+(2A+2)k]-(i—j+k)=5
=(31+2)—-(41-1)+(24+2) =5
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=24=0

Substituting this value in equation (1), we get the equation of the line as

F=2i—f+2k

This means that the position vector of the point of intersection of the line and the plane is
r=21—j+2k

This shows that the point of intersection of the given line and plane is given by the
coordinate, (2,—1, 2).

The distance d between the points (2, —1,2) and (—1,—5,—10), is

d=(=1-2)2+(=5+1)2 + (-10 — 2)2

=9+ 16 + 144 = /169 = 13

Therefore, the distance of the given point is 13.

Find the vector equation of the line passing through (1, 2, 3) and parallel to the planes
F=(i—j+2k)=5and7-(3i+j+k)=6

Solution:

The given equation of the planes are 7 = (i — j+ 2k) = 5and7- (3i+j+ k) =6
Let the required line be parallel to vector b given by,

b = byi+ b,j + bsk

The position vector of the point (1,2,3) is d = i + 2j + 3k

The equation of line passing through (1,2, 3) and parallel to b is given by,
F=d+Ab

= #(i + 2] + 3k) + A(byi + byf + bsk) ...(1)

The equations of the given planes are

(i—-j+2k)=5 ..(i)

=i

i

(Bi+j+k)=6 .. (i)

The line in equation (i) and plane in equation (ii) are parallel.
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Therefore, the normal to the plane of equation (ii) and the given line are perpendicular.
= (i—j+2k) - A(byi+ byj + bsk) =0

= A(by — by + 2by) =0

= b, —b,+2b;=0 ..(iv)

Similarly, (31 + j + k) - A(byi + b,j + bsk) =0

= A(3b; + b, +b;) =0

=3b,+b,+by =0 ..(v)

From equations (iv) and (v), we obtain

by B b, _ bs
(F1x1D)=(1%2) @x3)-(1x1) (A1x1)-@x-1)
by b, b;
=3T3 "

Therefore, the direction ratios of b are —3,5and 4.

o b= b,i+ b,j + bk = —3i + 5] + 4k

Substituting the value of b in equation (i), we get

F=(1+2]+3k)+A(-3i+5 +4k)

Hence, ¥ = (i + 2j + 3k) + A(—3i + 5] + 4k) is the required equation of the line.

20. Find the vector equation of the line passing through the point (1, 2, —4) and perpendicular

. x—8 +19 2-10 x—15 —29 Z—5
to the two lines; =—=2"— = and i kO
3 —16 7 3 8 —5

Solution:

" ’ x—8 y+19 Z—-10 x—15 ¥—29 Z—5
Given: Two lines are S = and =

n
—-16 7 3 B =5

Let the required line be parallel to the vector b given by b = byi + byj + bsk
The position vector of the point (1,2,—4) is d = i + 2j — 4k

The equation of the line passing through (1, 2, —4) and parallel to vector b is
F=d+Ab

= F(i + 2] — 4k) + A(b,i + byj + b3k) ...(1)

The equations of the lines are
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x—8 y+19 z-10

3 —=16 7

..(11)

x—15 —-29 -5
=21 ...(111)
3 a8 =5

Since, equation (1) and equation (i1) are perpendicular to each other,
= 3b,—16b, + Thy =0 ..(iv)

Also, equation (1) and equation (1i1) are perpendicular to each other.
~3b, +8b,—5b; =0 ...(v)

From equations (iv) and (v), we get

by = b, = b,
(—16x -5)—(8x7) (7x3)—(3x—5) (3x8)—(3x—16)
by by by
= — =
24 36 72
.,
2 3 6

~ Direction ratios of b are 2,3 and 6.

= b=2i+3j+6k

Substituting b = 2i + 3j + 6k in equation (i), we get
F=(i+2]—4k)+ A(2i + 3] + 6k)

Hence, ¥ = (i + 2j — 4k) + A(21 + 3] + 6k) is the required equation of the line.

21. Prove that if a plane has the intercepts a, b, ¢ and is at a distance of P units from the origin,

1 1 1 1
then—+—=+=-=—=
a? b2 o2 p?

Solution:

Given: A plane has the intercepts a, b, ¢ and is at a distance of P units from the origin

1 1 1
o=

i
oy =

To prove: —

Proof*
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The equation of a plane having intercepts a, b, ¢ with x, v and z axes respectively is given
by,

x ¥ S ;

S+2+2=1 ..()

The distance (p) of the plane from the origin is given by,
| 0,0,0

e I\ll2 N2 142
@ +@) +6@)
1
ol iy overees
Vi
1
::p2=—
1 wlok
aztpte
v . KNS
pz_az B2 " g2

Hence, it is proved.

Distance between the two planes: 2x + 3y + 4z =4and4x + 6y + Bz =12 is
(A) 2 units
(B) 4 units
(C) 8 units

2 .
:D}Eumts

Solution:

(D)

The given equations of the planes are
2x+3y+4z=4 ..(1)

4x + 6y +8z=12

= 2x+3y+4z=6 ..(ii)

Here, the given planes are parallel.

Call: +91 - 9686 - 083 - 421 Page 52 of 54 www.vikrantacademy.org




VIKRANTADAD=MY"

We know that, the distance between two parallel planes ax + by + cz = d; and ax +

by + cz = d, is given by

D=I i-122_‘3?1
N +02+c2
6—4
2=
V(2% + (3)? + (4)?
_ 2
V29

. . 2 2 .
Hence, the distance between the lines is = units.
W

Therefore, the correct answer is D.

23. The planes: 2x —y + 4z = 5 and 5x — 2.5y + 10z = 6 are
(A) Perpendicular

(B) Parallel

(C) Intersect y-axis

5
(D) Passes through ([}, 0, Z]

Solution:

(B)

The given equations of the planes are
2x—y+4z=5 _..(i)

S5x —25y+10z=6 ...(ii)

From the above equations we get,

a, 2
2,5

by -1 2
b, -25 &
L A -
£a 10
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a, b, ¢
"ﬂz b, ¢

Thus, the given planes are parallel.

Therefore, the correct answer is B.
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